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THE SINGLE-LEAF FROBENIUS THEOREM WITH APPLICATIONS
PAOLO PICCIONE AND DANIEL V. TAUSK
Dedicated to Prof. Serge Lang
ABSTRACT. Using the notion of Levi form of a smooth distribution, we dis-
cuss the local and the global problem of existence of one horizontal section of a
smooth vector bundle endowed with a horizontal distribution. The analysis will
lead to the formulation of a “one-leaf” analogue of the classical Frobenius inte-
grability theorem in elementary differential geometry. Several applications of the
result will be discussed. First, we will give a characterization of symmetric con-
nections arising as Levi–Civita connections of semi-Riemannian metric tensors.
Second, we will prove a general version of the classical Cartan–Ambrose–Hicks
Theorem giving conditions on the existence of an affine map with prescribed
differential at one point between manifolds endowed with connections.
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1. INTRODUCTION
The central theme of the paper is the study of conditions for the existence of
one integral leaf of (non integrable) smooth distributions satisfying a given initial
condition. The integrability condition given by Frobenius theorem, a very classical
result in elementary Differential Geometry, guarantees the existence of integral
leaves with any initial condition. If on one hand such condition is very strong, on
the other hand the involutivity assumption in Frobenius theorem is very restrictive.
For instance, the integrability of the horizontal distribution of a connection in a
vector bundle is equivalent to the flatness of the connection.
A measure of non integrability for a smooth distribution D on a manifold E is
provided by the so-called Levi form LD of D; this is a skew-symmetric bilinear
tensor defined on the distribution, taking values in the quotient TE/D. For x ∈ E
and v,w ∈ Dx, the value LDx (v,w) is given by the projection on TxE/Dx of the Lie
bracket [X,Y ]x, where X and Y are arbitrary extensions of v and w respectively
to D-horizontal vector fields. If Σ ⊂ E is an integral submanifold of D, then
the Levi form of D vanishes on the points of Σ. The first central observation that
is made in this paper is that, conversely, given an immersed submanifold Σ of E
with Tx0Σ = Dx0 for some x0 ∈ E, if Σ is ruled (in an appropriate sense) by
curves tangent to D, and if LD vanishes along Σ, then Σ is an integral submanifold
of D. In particular, assume that D ⊂ TE is a horizontal distribution of a vector
bundle pi : E → M over a manifold M , and that Σ is a local section of pi which
is obtained by parallel lifting of a family of curves on M issuing from some fixed
point x0. If the Levi form of D vanishes along Σ, then Σ is a parallel section of
pi (Theorem 2.5); we call this result the (local) single leaf Frobenius theorem. In
the real analytic case, a higher order version of this result is given in Theorem 2.7;
roughly speaking, the higher order derivatives of the Levi form LD are obtained
from iterated Lie brackets of D-horizontal vector fields. The higher order single-
leaf Frobenius theorem states that, in the real-analytic case, if at some point x0 of
the manifold E all the iterated brackets of vector fields in D belong to Dx0 , then
there exists an integral submanifold of D through x0.
A global version of the single-leaf Frobenius theorem is discussed in Theo-
rem 3.11; here, the base manifold M has to be assumed simply-connected. As-
sume that a spray is given on M , for instance, the geodesic spray of some Rie-
mannian metric. The existence of a global parallel section of pi through a point
e0 with pi(e0) = x0 ∈ M is guaranteed by the following condition: every piece-
wise solution γ : [a, b] → M of S with γ(a) = x0 should admit a parallel lifting
γ˜ : [a, b] → E such that γ˜(a) = e0 and such that the Levi form of D vanishes at
the point γ˜(b).
We also observe (Proposition 3.12) that in the real analytic case, every local
parallel section defined on a non empty open subset of a simply connected manifold
M extends to a global parallel section.
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A huge number of problems in Analysis and in Geometry can be cast into the
language of distributions and integral submanifolds. As an application of the the-
ory developed in this paper, we will consider two problems. First, we will char-
acterize those symmetric connections that are Levi–Civita connections of some
semi-Riemannian metric (alternatively, this problem can be studied using holo-
nomy theory, see [1]). Second, we will prove a very general version of another
classical result in Differential Geometry, which is the Cartan–Ambrose–Hicks the-
orem (see [4]). We will prove a necessary and sufficient condition for the existence
of an affine map between manifolds endowed with arbitrary connections.
Let us describe briefly these two results.
Consider the case of a distribution given by the horizontal space of a connec-
tion ∇ of a vector bundle pi : E → M . For ξ ∈ E, set m = pi(ξ) ∈ M and
Em = pi
−1(m); one can identify Dξ with TmM , and the quotient TξE/Dξ with the
vertical subspace Tξ(Em) ∼= Em. Then, the Levi form LDξ : TmM ×TmM → Em
is given by the curvature tensor of ∇, up to a sign (Lemma 4.1). In this case,
the single leaf Frobenius theorem tells us that a local parallel section of pi through
some point e0 ∈ E exists provided that along each parallel lifting of a family of
curves issuing from pi(e0) ∈ M the curvature tensor vanishes (Corollary 4.2). In
the real analytic case, the existence of a local parallel section through a point ξ ∈ E
is equivalent to the vanishing of all the covariant derivatives ∇kR, k ≥ 0, of the
curvature tensor R at the point m = pi(ξ) (Proposition 4.5).
Assume that the vector bundle pi : E → M is endowed with a connection ∇,
and denote by ∇bil the induced connection on E∗ ⊗ E∗. If g is a (local) section
of E∗ ⊗ E∗, then vanishing of the curvature tensor Rbil of ∇bil means that the
bilinear map g
(
R(v,w)·, ·) is anti-symmetric for all v,w (formula (13)). From
this observation, we get the following result on the existence of parallel metric
tensor relatively to a given connection ∇ on a manifold M : given a nondegenerate
(symmetric) bilinear form g0 on Tm0M , assume that the tensor g obtained from g0
by ∇-parallel transport along a family of curves issuing from m0 is such that R
is g-anti-symmetric. Then, g is ∇-parallel (Proposition 4.6). Similarly, in the real
analytic case, if ∇kR at m0 is g0-anti-symmetric for all k ≥ 0, then g0 extends to a
semi-Riemannian metric tensor whose Levi–Civita connection is ∇. These results
have been used in [3] to obtain characterizations of left-invariant semi-Riemannian
Levi Civita connections in Lie groups.
As another application of our theory, in Section 5 we will study the problem
of existence of an affine (i.e., connection preserving) map f between two affine
manifolds (M,∇M ) and (N,∇N ), whose value y0 ∈ N at some point x0 ∈ M is
given and whose differential df(x0) : Tx0M → Ty0N is prescribed. We prove a
general version of the classical Cartan–Ambrose–Hicks theorem (Theorem 5.1 for
the local result, Theorem 5.3 for the global version), giving a necessary and suffi-
cient condition for the existence of such a map; here, the connections ∇M and ∇N
are not assumed to be symmetric, and no assumption is made on the dimension of
the manifolds M and N , as well as on the linear map df(x0). The key observa-
tion here (Lemma 5.6) is that, considering the vector bundle E = Lin(TM,TN)
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over the product M × N , endowed with a natural connection induced by ∇M
and ∇N (see formula (15)), then a smooth map f : U ⊂ M → N is an affine
map if and only if the differential df is a local parallel section of E along the
map U ∋ x 7→
(
x, f(x)
)
∈ M × N . When M and N are endowed with semi-
Riemannian metrics and ∇M and ∇N are the respective Levi–Civita connections,
then our result gives a necessary and sufficient condition for the existence of a
totally geodesic immersion of M in N .
The proof of the Cartan–Ambrose–Hicks theorem is obtained as an application
of the single-leaf Frobenius theorem, once the Levi form of the horizontal distribu-
tion of the induced connection on E is computed (Lemma 5.14). The higher order
version of this result (Theorem 5.16) is particularly interesting: in the real analytic
case, a (local) affine map f : U ⊂ M → N with f(x0) = y0 and df(x0) = σ
exists if and only if σ relates covariant derivatives of all order of curvature and
torsion of ∇M and ∇N at the points x0 and y0 respectively.
As a nice corollary of the higher order Cartan–Ambrose–Hicks theorem, we
get the following curious result (Corollary 5.19): if M is a real-analytic manifold
endowed with a real-analytic connection ∇, and let x0 ∈ M be fixed; there exists
an affine symmetry around x0 if and only if ∇(2r)Tx0 = 0 and ∇(2r+1)Rx0 = 0
for all r ≥ 0.
A certain effort has been made in order to make the presentation of the material
self-contained. For this reason, we have found convenient to discuss, together with
the original material, some auxiliary topics needed for a more complete presenta-
tion of our results. For instance, in Subsection 3.1, we discuss and give the basic
properties of the exponential map of a spray (this is needed in our statement of the
global one-leaf Frobenius theorem). Similarly, in Appendix B we develop the ba-
sic theory needed for making computations with covariant derivatives, curvatures
and torsions of connections on vector bundles obtained by functorial constructions;
this kind of computations is heavily used throughout the paper. Finally, in Appen-
dix A we discuss a globalization principle in a very general setting of pre-sheafs
on topological spaces. Such principle is used in the proof of the global versions of
the single-leaf Frobenius theorem (see for instance the proofs of Theorem 3.11 and
Proposition 3.12). Typically, the globalization principle is employed in the follow-
ing manner: given a vector bundle pi : E →M , a pre-sheaf P is defined on M by
defining, for all open subset U ⊂M , P(U) to be the set of all sections s : U → E
of pi satisfying some property (for instance, parallel sections). For V ⊂ U , and
s ∈ P(U), the map PU,V : P(U) → P(V ) is given by setting PU,V (s) = s|V .
In this context, the existence of a global section of pi with the required property is
equivalent to the fact that the set P(M) should be non empty. The central result
of Appendix A (Proposition A.8) gives a sufficient condition for this, in terms of
three properties of pre-sheaves, called localization, uniqueness and extension.
Dedicatory. The proof of the single-leaf Frobenius theorem discussed here has
taken inspiration from the proof of the classical Frobenius theorem presented in
Serge Lang’s world famous book [2]. Since the very beginning of their mathe-
matical careers, both authors have benefited very much from this and from other
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beautiful books published by Prof. Lang. We want to thank him by dedicating this
paper to his memory.
2. THE LEVI FORM AND THE “SINGLE LEAF FROBENIUS THEOREM”
Recall that a smooth distribution D on a smooth manifold E is a smooth vector
subbundle of the tangent bundle TE. For x ∈ E we set Dx = TxE ∩D, i.e., Dx is
the fiber of the vector bundle D over x. A vector field X on E is called horizontal
with respect to a distribution D (or simply D-horizontal) if X takes values in D,
i.e., if X(x) ∈ Dx for all x ∈ E. An immersed submanifold S of E is called an
integral submanifold for D if TxS = Dx, for all x ∈ S. The distribution D is
called integrable if through every point of E passes an integral submanifold for D.
2.1. The Levi form of a smooth distribution.
Definition 2.1. Let E be a smooth manifold and let D be a distribution on E. The
Levi form of D at a point x ∈ E is the bilinear map:
LDx : Dx ×Dx −→ TxE/Dx
defined by LDx (v,w) = [X,Y ](x) + Dx ∈ TxE/Dx, where X and Y are D-
horizontal smooth vector fields defined in an open neighborhood of x in E with
X(x) = v and Y (x) = w. By [X,Y ] we denote the Lie bracket of the vector fields
X and Y .
Below we show that the Levi form is well-defined, i.e., [X,Y ](x)+Dx does not
depend on the choice of the D-horizontal vector fields X and Y with X(x) = v,
Y (x) = w. Let θ be a smooth Rk-valued 1-form on an open neighborhood U of
x such that Ker(θx) = Dx for all x ∈ U . If X and Y are vector fields on an open
neighborhood of x then Cartan’s formula for exterior differentiation gives:
dθ(X,Y ) = X
(
θ(Y )
)
− Y
(
θ(X)
)
− θ
(
[X,Y ]
)
.
If X and Y are D-horizontal then the equality above reduces to:
dθ(X,Y ) = −θ
(
[X,Y ]
)
.
The formula above implies that if X ′, Y ′ are D-horizontal vector fields such that
X ′(x) = X(x) and Y ′(x) = Y (x) then θ
(
[X,Y ] − [X ′, Y ′]
)
(x) = 0, i.e.,
[X,Y ](x) − [X ′, Y ′](x) ∈ Dx. Hence the Levi form is well-defined. Setting
X(x) = v and Y (x) = w we obtain the following formula:
(1) θ¯x
(
LDx (v,w)
)
= −dθ(v,w), v, w ∈ Dx,
where θ¯x : TxE/Dx → Rk denotes the linear map induced by θx in the quotient
space.
Remark 2.2. Clearly, by the classical Frobenius Theorem, D is integrable if and
only if its Levi form is identically zero. Moreover, the Levi form of D vanishes
along any integral submanifold of D.
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2.1. Example. Let U be an open subset of Rn = Rk ×Rn−k and let
F : U ∋ (x, y) 7−→ F(x,y) ∈ Lin(R
k,Rn−k)
be a smooth map. We consider the distribution D = Gr(F ) on U , i.e., D(x,y) =
Gr
(
F(x,y)
)
, for all (x, y) ∈ U . Given X ∈ Rk, we define a D-horizontal vector
field X˜ on U by setting X˜(x,y) =
(
X,F(x,y)(X)
)
, for all (x, y) ∈ U . Given
X,Y ∈ Rk then:
[X˜, Y˜ ] =
(
0, ∂xF (X,Y ) + ∂yF (F (X), Y )− ∂xF (Y,X) + ∂yF (F (Y ),X)
)
.
If we identifyD(x,y) withRk by the isomorphism
(
X,F (X)
)
7→ X andRn/D(x,y)
withRn−k ∼= {0}k×Rn−k by the isomorphism (v,w)+D(x,y) 7→ w−F (v) then
the Levi form LD : Rk ×Rk → Rn−k is given by:
(2) LD(X,Y ) = [X˜, Y˜ ].
Lemma 2.3. LetE be a smooth manifold, D be a smooth distribution on E and let
U ∋ (t, s) 7−→ H(t, s) ∈ E
be a smooth map defined on an open subset U ⊂ R2. Let I ⊂ R be an interval
and let s0 ∈ R be such that I × {s0} ⊂ U and LDH(t,s0) = 0 for all t ∈ I . Assume
that ∂H
∂t
(t, s) ∈ D for all (t, s) ∈ U . If ∂H
∂s
(t0, s0) ∈ D for some t0 ∈ I then
∂H
∂s
(t, s0) ∈ D for all t ∈ I .
Proof. The set:
I ′ =
{
t ∈ I : ∂H
∂s
(t, s0) ∈ D
}
is obviously closed in I because the map I ∋ t 7→ ∂H
∂s
(t, s0) ∈ TE is continuous
and D is a closed subset of TE. Since I is connected and t0 ∈ I ′, the proof will
be complete once we show that I ′ is open in I . Let t1 ∈ I ′ be fixed. Let θ be an
R
k
-valued smooth 1-form defined in an open neighborhood V of H(t1, s0) in E
such that the linear map θx : TxE → Rk is surjective and Ker(θx) = Dx for all
x ∈ V . Choose a distribution D′ on V such that TxE = Dx ⊕ D′x for all x ∈ V .
Then, for each x ∈ V , θx restricts to an isomorphism from D′x onto Rk. Let J be
a connected neighborhood of t1 in I such that H(t, s0) ∈ V for all t ∈ J . We will
show below that the map:
(3) J ∋ t 7−→ θH(t,s0)
(
∂H
∂s
(t, s0)
)
∈ Rk
is a solution of a homogeneous linear ODE; since θH(t1,s0)
(
∂H
∂s
(t1, s0)
)
= 0, it
will follow that θH(t,s0)
(
∂H
∂s
(t, s0)
)
= 0 for all t ∈ J , i.e., J ⊂ I ′.
We denote by ∂
∂t
and ∂
∂s
the canonical basis ofR2 and we apply Cartan’s formula
for exterior differentiation to the 1-form H∗θ obtaining:
d(H∗θ)
(
∂
∂t
, ∂
∂s
)
= ∂
∂t
(
(H∗θ)
(
∂
∂s
))
− ∂
∂s
(
(H∗θ)
(
∂
∂t
))
− (H∗θ)
([
∂
∂t
, ∂
∂s
])
.
THE SINGLE-LEAF FROBENIUS THEOREM 7
Since d(H∗θ) = H∗(dθ) and
[
∂
∂t
, ∂
∂s
]
= 0 we get:
dθH(t,s0)
(
∂H
∂t
(t, s0),
∂H
∂s
(t, s0)
)
= ∂
∂t
(
θH(t,s0)
(
∂H
∂s
(t, s0)
))(4)
− ∂
∂s
∣∣
s=s0
(
θH(t,s)
(
∂H
∂t
(t, s)
))
, t ∈ J.
Observe that, since ∂H
∂t
(t, s) is in D, the last term on the righthand side of (4)
vanishes. We can write ∂H
∂s
(t, s0) = u1(t)+u2(t) with u1(t) ∈ D and u2(t) ∈ D′.
Since the Levi form of D vanishes at points of the form H(t, s0), equation (1)
implies that dθH(t,s0)(v,w) = 0 for all v,w ∈ DH(t,s0). We may thus replace
∂H
∂s
(t, s0) by u2(t) in the lefthand side of (4). For t ∈ J we consider the linear
map L(t) : Rk → Rk defined by:
L(t) · z = dθH(t,s0)
(
∂H
∂t
(t, s0), σH(t,s0)(z)
)
, z ∈ Rk,
where, for x ∈ V , σx : Rk → D′x denotes the inverse of the isomorphism
θx|D′x : D
′
x −→ R
k.
Observe that:
dθH(t,s0)
(
∂H
∂t
(t, s0),
∂H
∂s
(t, s0)
)
= dθH(t,s0)
(
∂H
∂t
(t, s0), u2(t)
)
= L(t) · θH(t,s0)
(
u2(t)
)
= L(t) · θH(t,s0)
(
∂H
∂s
(t, s0)
)
.
Equation (4) can now be rewritten as:
∂
∂t
(
θH(t,s0)
(
∂H
∂s
(t, s0)
))
= L(t) · θH(t,s0)
(
∂H
∂s
(t, s0)
)
, t ∈ J.
Hence the map (3) is a solution of a homogeneous linear ODE and we are done. 
2.2. Horizontal distributions and horizontal liftings. If E, M are smooth man-
ifolds and pi : E →M is a smooth submersion then a smooth distribution D on E
is called horizontal with respect to pi if
TxE = Ker(dpix)⊕Dx,
for all x ∈ E. Given a smooth horizontal distribution D on E then a piecewise
smooth curve γ˜ : I → E is called horizontal if γ˜′(t) ∈ D for all t for which γ˜′(t)
exists. Given a piecewise smooth curve γ : I →M then a horizontal lifting of γ is
a horizontal piecewise smooth curve γ˜ : I → E such that pi ◦ γ˜ = γ.
By standard results of existence and uniqueness of solutions of ODE’s it fol-
lows that given t0 ∈ I and x0 ∈ pi−1
(
γ(t0)
)
then there exists a unique maximal
horizontal lifting γ˜ of γ with γ˜(t0) = x0 defined in a subinterval of I around t0.
Let Λ be a smooth manifold. By a Λ-parametric family of curves ψ on M we
mean a smooth map ψ : Z ⊂ R× Λ→M defined on an open subset Z of R× Λ
such that the set:
Iλ =
{
t ∈ R : (t, λ) ∈ Z
}
⊂ R
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is an interval containing the origin, for all λ ∈ Λ. By a local right inverse of ψ we
mean a locally defined smooth map α : V ⊂ M → Z such that ψ
(
α(m)
)
= m,
for all m ∈ V .
2.2. Example. Let M be a smooth manifold endowed with a connection ∇. Given
a point x0 ∈M we set Λ = Tx0M and we define a Λ-parametric family of curves
ψ on M by setting ψ(t, λ) = expx0(tλ); the domain Z ⊂ R × Λ of ψ is the set
of pairs (t, λ) such that tλ is in the domain of expx0 . A local right inverse of ψ
is defined as follows: let V0 be an open neighborhood of the origin in Tx0M that
is mapped diffeomorphically by expx0 onto an open neighborhood V of x0 in M .
We set:
α(m) =
(
1, (expx0 |V0)
−1(m)
)
,
for all m ∈ V . We remark that the same construction holds if one replaces the
geodesic spray of a connection with an arbitrary spray (see Section 3).
A local section of a smooth submersion pi : E →M is a locally defined smooth
map s : U ⊂M → E such that pi ◦ s = IdU . A local section s is called horizontal
if the range of ds(m) is Ds(m), for all m ∈ U .
Lemma 2.4. Let s1 : U → E, s2 : U → E be local smooth horizontal sections of
E defined in an open connected subset U of M . If s1(x) = s2(x) for some x ∈ U
then s1 = s2.
Proof. Given y ∈ U , there exists a piecewise smooth curve γ : [a, b] → U with
γ(a) = x and γ(b) = y. Then s1 ◦ γ and s2 ◦ γ are both horizontal liftings of γ
starting at the same point of E; hence s1 ◦ γ = s2 ◦ γ and s1(y) = s2(y). 
2.3. Example. Consider the distribution D = Gr(F ) on U ⊂ Rn defined in Ex-
ample 2.1. Then the first projection pi1 : U → Rk is a submersion and D is
horizontal with respect to pi1. A horizontal section s : Rk ⊃ V → Rn of pi1 is a
map s(x) =
(
x, f(x)
)
where f : V → Rn−k is a solution of the total differential
equation:
(5) df(x) = F (x, f(x)), x ∈ V.
2.3. The single leaf Frobenius theorem.
Theorem 2.5 (local single leaf Frobenius). Let E, M be smooth manifolds, pi :
E →M be a smooth submersion, D be a smooth horizontal distribution on E and
ψ : Z ⊂ R×Λ→M be a Λ-parametric family of curves on M with a local right
inverse α : V ⊂ M → Z . Let ψ˜ : Z → E be a Λ-parametric family of curves
on E such that t 7→ ψ˜(t, λ) is a horizontal lifting of t 7→ ψ(t, λ), for all λ ∈ Λ.
Assume that:
(a) the Levi form of D vanishes on the range of ψ˜;
(b) ∂λψ˜(0, λ) : TλΛ→ Tψ˜(0,λ)E takes values in D for all λ ∈ Λ.
Then s = ψ˜ ◦ α : V → E is a local horizontal section of pi.
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Proof. If ]−ε, ε[ ∋ s 7→ λ(s) is an arbitrary smooth curve on Λ then the map
H(t, s) = ψ˜
(
t, λ(s)
)
satisfies the hypotheses of Lemma 2.3 with t0 = 0 and s0 = 0. Thus:
∂H
∂s
(t, 0) =
∂ψ˜
∂λ
(
t, λ(0)
)
λ′(0)
is in D for all t ∈ Iλ(0). It follows that dψ˜(t,λ) takes values in D, for all (t, λ) ∈ Z .
Hence ds(m) = dψ˜
(
s(m)
)
◦ dα(m) also takes values in D, for all m ∈ V . 
Remark 2.6. We observe that if the map λ 7→ ψ˜(0, λ) is constant then hypothesis
(b) of Theorem 2.5 is automatically satisfied. Theorem 2.5 is typically used as fol-
lows: one considers the Λ-parametric family of curves ψ explained in Example 2.2,
a fixed point e0 ∈ pi−1(x0) ⊂ E and for each λ ∈ Λ one defines t 7→ ψ˜(t, λ) to be
the horizontal lifting of t 7→ ψ(t, λ) with ψ˜(0, λ) = e0.
2.4. Example. The single leaf Frobenius theorem can be used to prove the exis-
tence of solutions of the total differential equation (5) satisfying a initial condition
f(x0) = y0 as follows. Let V be a star-shaped open neighborhood of x0 in Rk.
Set Λ = Rk; we define a Λ-parametric family of curves ψ : Z ⊂ R × Λ → M
on M = Rk by setting ψ(t, λ) = x0 + tλ, where Z is the set of pairs (t, λ) with
x0 + tλ ∈ V . A horizontal lifting t 7→ ψ˜(t, λ) =
(
ψ(t, λ),Ψ(t, λ)
)
of the curve
t 7→ ψ(t, λ) is a solution of the ODE:
(6) d
dt
Ψ(t, λ) = F
ψ˜(t,λ)(λ).
We choose the solution t 7→ ψ˜(t, λ) of the ODE (6) with initial condition Ψ(0, λ) =
y0. We can assume that V is small enough so that ψ˜ is well-defined on Z . Hy-
pothesis (b) of Theorem 2.5 is then automatically satisfied and hypothesis (a) is
equivalent to the condition that (2) vanishes on the points of the form ψ˜(t, λ),
(t, λ) ∈ Z . Under these circumstances, the thesis of Theorem 2.5 guarantees that
f : V ∋ x 7→ Ψ(1, x − x0) ∈ R
n−k is a solution of the total differential equation
(5) with f(x0) = y0.
2.4. The higher order single leaf Frobenius theorem. Let D be a smooth distri-
bution on a smooth manifold E. We denote by Γ(TE) the set of all smooth vector
fields on E, by Γ(D) the subspace of Γ(TE) consisting of D-horizontal vector
fields and by Γ∞(D) the Lie subalgebra of Γ(TE) spanned by Γ(D). The Lie
algebra Γ∞(D) can be alternatively described as follows; we define recursively a
sequence
Γ0(D) ⊂ Γ1(D) ⊂ Γ2(D) ⊂ · · ·
of subspaces of Γ(TE) by setting Γ0(D) = Γ(D) and Γr+1(D) to be the subspace
of Γ(TE) spanned by Γr(D) and by the brackets [X,Y ], with X ∈ Γr(D) and
Y ∈ Γ(D). Then:
Γ∞(D) =
∞⋃
r=0
Γr(D).
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GivenX ∈ Γ(TE)we denote by adX : Γ(TE)→ Γ(TE) the operator adX(Y ) =
[X,Y ].
Theorem 2.7. Let E be a real-analytic manifold endowed with a real-analytic
distribution D. Given e0 ∈ E then there exists an integral submanifold of D
passing through e0 if and only if X(e0) ∈ De0 , for all X ∈ Γ∞(D).
Proof. If there exists an integral submanifold S of D passing through e0 then it
follows immediately by induction on r that X(S) ⊂ D, for all X ∈ Γr(D) and
all r ≥ 0. Thus, X(e0) ∈ De0 , for all X ∈ Γ∞(D). Conversely, assume that
X(e0) ∈ De0 , for all X ∈ Γ∞(D). By considering a convenient real-analytic local
chart around e0 we may assume without loss of generality that E = U is an open
subset of Rn = Rk × Rn−k and that D is of the form Gr(F ) (see Example 2.1).
Write e0 = (x0, y0); we will use the ideas explained in Example 2.4 to find a
solution f of the total differential equation (5) with f(x0) = y0. Then Gr(f) is the
required integral submanifold of D passing through e0. Observe that given λ ∈ Rk
then t 7→ ψ(t, λ) is an integral curve of the constant vector field λ in Rk and thus
the horizontal lift t 7→ ψ˜(t, λ) is an integral curve of the vector field λ˜ =
(
λ, F (λ)
)
on Rn passing through e0 at t = 0. We now let λ ∈ Rk, X,Y ∈ Rk, be fixed and
we define a map t 7→ φ(t) ∈ Rn−k by setting:
φ(t) = LD
ψ˜(t,λ)
(X,Y ) = [X˜, Y˜ ]ψ(t,λ).
The proof will be completed once we show that φ is identically zero; since φ is
real-analytic, it suffices to proof that all derivatives of φ at t = 0 vanish. Let us
show by induction on r that for all r ≥ 0 the r-th derivative of φ is given by:
(7) φ(r)(t) = (ad
λ˜
)r[X˜, Y˜ ] + L(r)
(
(ad
λ˜
)i[X˜, Y˜ ]; i = 0, 1, . . . , r − 1
)
,
where the righthand side is computed at the point ψ˜(t, λ) and L(r) is a smooth map
that associates to each (x, y) ∈ U ⊂ Rn a linear map:
L
(r)
(x,y) :
⊕
r
R
n−k −→ Rn−k.
From equality (7) the conclusion will follow; namely, for all i, (ad
λ˜
)i[X˜, Y˜ ] is in
{0}k × Rn−k and since
(
(ad
λ˜
)i[X˜, Y˜ ]
)
e0
∈ De0 , we get
(
(ad
λ˜
)i[X˜, Y˜ ]
)
e0
= 0.
Hence φ(r)(0) = 0, for all r ≥ 0. To prove (7) simply differentiate both sides with
respect to t, observing that:
d
dt
(ad
λ˜
)i[X˜, Y˜ ] = d
(
(ad
λ˜
)i[X˜, Y˜ ]
)
· λ˜ = (ad
λ˜
)i+1[X˜, Y˜ ] + dλ˜
(
(ad
λ˜
)i[X˜, Y˜ ]
)
.

Remark 2.8. Clearly, the hypotheses of Theorem 2.7 are local, i.e., if U is an open
neighborhood of e0 in E then X(e0) ∈ De0 for all X ∈ Γ∞(D|U ) if and only if
X(e0) ∈ De0 for all X ∈ Γ∞(D). Replacing E with an open neighborhood of e0,
we may assume that D admits a global referential X1, . . . ,Xk. It is easy to see that
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Γr(D) is the C∞(E)-module spanned by X1, . . . ,Xk and by the iterated brackets:
(8) [Xi1 , [Xi2 , . . . , [Xis ,Xis+1 ] · · · ]], i1, . . . , is = 1, . . . , k, s = 1, . . . , r.
Thus, in order to check the hypotheses of Theorem 2.7, it suffices to verify if the
brackets in (8) evaluated at e0 are in De0 , for all s ≥ 1.
3. THE GLOBAL “SINGLE LEAF FROBENIUS THEOREM”
3.1. Sprays on manifolds. Let M be a smooth manifold and let pi : TM → M
the canonical projection of its tangent bundle. Denote by dpi : TTM → TM
the differential of pi; we denote by p¯i : TTM → TM the natural projection of
TTM = T (TM). For each a ∈ R we denote by ma : TM → TM the operator
of multiplication by a.
Definition 3.1. A spray on M is a smooth vector field S : TM → TTM on the
manifold TM satisfying the following two conditions:
(i) dpi ◦ S = p¯i ◦ S;
(ii) for all a ∈ R, adma ◦ S = S ◦ ma, i.e., adma(v)S(v) = S(av), for all
v ∈ TM .
Remark 3.2. Notice that property (b) on Definition 3.1 implies that a spray vanishes
on the zero section of TM . In particular, the integral curves of S passing through
the zero section are constant.
Lemma 3.3. Let S : TM → TTM be a smooth vector field on TM . Then S is a
spray on M if and only if the following conditions are satisfied:
(a) for every integral curve λ : I → TM of S , we have λ = γ′, where
γ = pi ◦ λ;
(b) if λ = γ′ : I → TM is an integral curve of S then
I ∋ t 7−→
d
dt
γ(at) ∈ TM
is an integral curve of S , for all a ∈ R.
Definition 3.4. A curve γ : I →M is called a (maximal) solution of S if γ′ : I →
TM is a (maximal) integral curve of the vector field S .
Obviously for every x ∈ M , v ∈ TxM there exists a unique maximal solution
γ of S with γ(0) = x and γ′(0) = v.
3.1. Example (geodesic spray). If ∇ is a connection on M then one can define a
spray S on M by taking S(v) to be the unique horizontal vector on TvTM such
that dpiv
(
S(v)
)
= v, for all v ∈ TM . The integral curves of S are the curves γ′,
with γ : I →M a geodesic of ∇.
3.2. Example (one-parameter subgroup spray). LetG be a Lie group and denote by
g its Lie algebra. Using left (resp., right) translations, one can identify the tangent
bundle TG with the product G× g, so that
T (TG) ∼= T (G× g) ∼= (TG)× (Tg) ∼= (G× g)× (g× g).
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The vector field on TG given by S(g,X) = (g,X,X, 0), g ∈ G, X ∈ g, is a spray
inG, whose solutions are left (resp., right) translations of one-parameter subgroups
of G. The spray S is the geodesic spray of the connection whose Christoffel sym-
bols vanish on a left (resp., right) invariant frame.
Let S be a fixed spray on M and denote by
F : Dom(F ) ⊂ R× TM −→ TM
its maximal flow. The exponential map associated to S is the map:
exp(v) = pi
(
F (1, v)
)
∈M,
defined on the set:
Dom(exp) =
{
v ∈ TM : (1, v) ∈ Dom(F )
}
.
Since Dom(F ) is open in R × TM , Dom(exp) is open in TM ; moreover, by
Remark 3.2 the zero section of TM is contained in Dom(exp). In particular, for
each x ∈M , the intersection of Dom(exp) with TxM is an open neighborhood of
the origin.
Lemma 3.5. For all t, s ∈ R, v ∈ TM , (t, sv) ∈ R × TM is in Dom(F ) if and
only if (ts, v) ∈ R× TM is in Dom(F ); moreover, F (t, sv) = sF (ts, v).
Corollary 3.6. For all s ∈ R, v ∈ TM , (s, v) ∈ R × TM is in Dom(F ) if and
only if sv is in Dom(exp); moreover, pi(F (s, v)) = exp(sv).
Corollary 3.7. Given x ∈ M , v ∈ TxM then the set
{
s ∈ R : sv ∈ Dom(exp)
}
is an open interval containing the origin; the map γ(s) = exp(sv) defined on such
open interval is the maximal solution of S with γ(0) = x, γ′(0) = v.
For each x ∈ M let us denote by expx the restriction of exp to Dom(exp) ∩
TxM . It follows from Corollary 3.7 that the domain of expx is a star-shaped open
neighborhood of the origin in TxM ; moreover, d expx(0) is the identity map of
TxM .
Definition 3.8. A normal neighborhood of a point x ∈M is an open neighborhood
V ⊂M of x such that there exists a star-shaped open neighborhood U of the origin
in TxM such that expx |U : U → V is a diffeomorphism. An open subset V of M
is called normal1 if every x ∈M has a normal neighborhood containing V .
It follows from the inverse function theorem that every point of M has a normal
neighborhood. Moreover, we have the following:
Proposition 3.9. Every point of M is contained in some normal open subset of M .
Proof. Consider the map φ : Dom(exp) ⊂ TM → M × M given by φ(v) =(
exp(v), pi(v)
)
. Given x ∈ M and denote by 0x ∈ TM the origin of TxM . We
identify T0xTM with TxM ⊕ TxM , where the first summand corresponds to the
tangent space of the zero section of TM and the second summand corresponds to
1Observe that, according to this definition, a normal open subset of M containing a point x ∈ M
is not necessarily a normal neighborhood of x!
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the tangent space to the fiber of TM containing 0x. The differential of φ at 0x is
easily computed as:
dφ0x(v,w) = (v + w, v), v, w ∈ TxM.
It follows from the inverse function theorem that φ carries an open neighborhood
U of 0x in TM diffeomorphically onto an open neighborhood of (x, x) in M ×M .
We can choose U such that U ∩ TyM is a star-shaped open neighborhood of the
origin of TyM , for all y ∈ pi(U). Let V be an open neighborhood of x in M such
that V × V ⊂ φ(U). We claim that V is a normal open subset of M . Let y ∈ V be
fixed. Clearly V ⊂ pi(U), so that U ∩ TyM is a star-shaped open neighborhood of
the origin of TyM ; thus exp(U ∩ TyM) is a normal neighborhood of y. Moreover,
given z ∈ V then (z, y) ∈ V × V , so that there exists v ∈ U with φ(v) = (z, y);
then v ∈ U ∩ TyM and hence z ∈ exp(U ∩ TyM). 
Definition 3.10. A piecewise solution of a spray S is a curve γ : [a, b] → M for
which there exists a partition a = t0 < t1 < · · · < tk = b of [a, b] such that
γ|[ti,ti+1] is a solution of S for all i.
3.2. The global single leaf Frobenius theorem.
Theorem 3.11 (global single leaf Frobenius). Let E, M be smooth manifolds,
pi : E → M be a smooth submersion and D be a smooth horizontal distribution
on E. Let x0 ∈ M , e0 ∈ pi−1(x0) ⊂ E be given and let S be a fixed spray on M .
Assume that:
(a) every piecewise solution γ : [a, b] → M of S with γ(a) = x0 admits a
horizontal lifting γ˜ : [a, b]→ E with γ˜(a) = e0;
(b) if γ˜ : [a, b]→ E is the horizontal lifting of a piecewise solution γ : [a, b]→
M of S with γ˜(a) = e0 then the Levi form of D vanishes at the point
γ˜(b) ∈ E;
(c) M is (connected and) simply-connected.
Then there exists a unique global smooth horizontal section s ofE with s(x0) = e0.
Proof. Uniqueness follows directly from Lemma 2.4. For the existence, we use the
globalization theory explained in Appendix A.
Let E′ denote the subset of E consisting of the points of the form γ˜(b), where
γ˜(a) = e0 and γ˜ : [a, b] → E is the horizontal lifting of some piecewise solution
γ : [a, b] → M of S with γ(a) = x0. We define a pre-sheaf P over M as
follows: for each open subset U of M , P(U) is the set of all smooth horizontal
sections s : U → E with s(U) ⊂ E′. Given open subsets U, V ⊂ M with
V ⊂ U then PU,V is given by PU,V (s) = s|V , for all s ∈ P(U). The existence
of a global smooth horizontal section of E is equivalent to P(M) 6= ∅. We will
use Proposition A.8. Using Theorem 2.5 (recall Remark 2.6) we get a smooth
horizontal section s : U → E defined in an open neighborhood U of x0; it is clear
by the construction of s that s(U) ⊂ E′. Thus the pre-sheaf P is nontrivial. The
localization property (Definition A.4) for P is trivial and the uniqueness property
(Definition A.6) for P follows directly from Lemma 2.4. To conclude the proof, we
show that P has the extension property (Definition A.6). We shall prove that every
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normal open subset of M has the extension property for P (recall Proposition 3.9).
Let U be an open normal subset of M , V be a nonempty open connected subset of
U and s ∈ P(V ) be a smooth horizontal section ofE with s(V ) ⊂ E′. Let x1 ∈ V
be fixed. Since s(x1) ∈ E′, there exists a piecewise solution γ : [a, b] → M of S
with γ(a) = x0 and a horizontal lifting γ˜ : [a, b] → E of γ with γ˜(a) = e0 and
γ˜(b) = s(x1). Let W be a normal neighborhood of x1 containing U and W0 be a
star-shaped open neighborhood of the origin in Tx1M such that expx1 : W0 →W
is a diffeomorphism. For each x ∈ W let v ∈ W0 be such that expx1(v) = x; we
claim that µx : [0, 1] ∋ t 7→ expx1(tv) ∈ M has a horizontal lifting µ˜ : [0, 1] →
E starting at s(x1) and that the Levi form of D vanishes along the image of µ˜.
Namely, the concatenation γ · µ of γ with µ is a piecewise solution of S starting at
x0; by hypothesis (a), γ · µ has a horizontal lifting starting at e0. Such horizontal
lifting is of the form γ˜ · µ˜, where µ˜ is a horizontal lifting of µ starting at s(x1);
moreover, hypothesis (b) implies that the Levi form of D vanishes along γ˜ · µ˜.
Observe that the image of µ˜ is contained in E′. We can now apply Theorem 2.5
to obtain a smooth horizontal section s¯ : W → E with s¯(x1) = s(x1). Thus, by
Lemma 2.4 and the connectedness of V , s¯|V = s and hence s¯|U ∈ P(U) is an
extension of s to U . 
Proposition 3.12. Let E, M be real-analytic manifolds, pi : E → M be a real-
analytic submersion andD be a real-analytic horizontal distribution onE. Assume
that:
(a) M is (connected and) simply-connected;
(b) given a real analytic curve γ : I → M , t0 ∈ I and e0 ∈ pi−1
(
γ(t0)
)
then
there exists a horizontal lifting γ˜ : I → E of γ with γ˜(t0) = e0.
Then any local horizontal section s : U → E of pi defined on a nonempty connected
open subset U of M extends to a global horizontal section of pi. In particular, if D
satisfies the hypothesis of Theorem 2.7 at some point e0 of E, assumptions (a) and
(b) imply that pi admits a global horizontal section.
Proof. We use again the globalization theory explained in Appendix A. We define a
pre-sheaf P overM as follows: for each open subset U ofM , P(U) is the set of all
smooth horizontal sections s : U → E; given open subsets U, V ⊂M with V ⊂ U
then PU,V is given by PU,V (s) = s|V , for all s ∈ P(U). By Proposition A.8
it suffices to show that P has the localization property, the uniqueness property
and the extension property. The localization property is trivial and the uniqueness
property follows from Lemma 2.4. As to the extension property, it can be proved
as follows. Let x0 ∈ M be fixed and let ϕ : U → B0(r) be a real-analytic
chart defined on an open neighborhood U of x0, taking values in the open ball
B0(r) ⊂ R
n of radius r centered at the origin and ϕ(x0) = 0. We will show that
V = ϕ−1
(
B0(r/3)
)
is an open neighborhood of x0 having the extension property
for P. To this aim, let W be a nonempty connected open subset of V and let
s ∈ P(W ) be a local horizontal section defined on W . Choose x1 ∈ W . Set
Λ = B0
(
2
3r
)
and let ψ : Z ⊂ R× Λ→M be the one-parameter family of curves
defined by ψ(t, λ) = ϕ−1
(
ϕ(x1)+ tλ
)
, where Z is the set of pairs (t, λ) ∈ R×Λ
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with ϕ(x1) + tλ ∈ B0(r). We define a local right inverse
α : ϕ−1
(
Bϕ(x1)(
2
3r)
)
−→ Z ⊂ R× Λ
of ψ by setting α(x) =
(
1, ϕ(x) − ϕ(x1)
)
. By assumption (b), for each λ ∈ Λ,
the curve t 7→ ψ(t, λ) has a horizontal lifting t 7→ ψ˜(t, λ) ∈ E with ψ˜(0, λ) =
s(x1). Notice that, by the uniqueness of the horizontal lifting of a curve, we have
ψ˜(t, λ) = s
(
ψ(t, λ)
)
for small t. Since s is a horizontal section of pi, its image is an
integral submanifold ofD and thus the Levi form LD vanishes along the image of s.
Thus LD vanishes at the point ψ˜(t, λ) for small t; hence, since t 7→ LD
(
ψ˜(t, λ)
)
is
real-analytic, LD must vanish along the entire curve t 7→ ψ˜(t, λ). By Theorem 2.5,
ψ˜ ◦ α is a horizontal section of E with (ψ˜ ◦ α)(x1) = s(x1); since the domain
of α clearly contains V , Lemma 2.4 implies that ψ˜ ◦ α extends s to (an open
set containing) V . This proves the extension property of P and concludes the
proof. 
4. LEVI–CIVITA CONNECTIONS
4.1. Levi form of the horizontal distribution of a connection. Let pi : E → M
be a smooth vector bundle over a smooth manifold M and let ∇ be a connection
on E; for m ∈M we denote by Em = pi−1(m) the fiber of E over m. We denote
by Rm : TmM × TmM ×Em → Em the curvature tensor of ∇ defined by:
R(X,Y )ξ = ∇X∇Y ξ −∇Y∇Xξ −∇[X,Y ]ξ,
for all smooth vector fields X, Y in M and every smooth section ξ of E.
Recall that there exists a unique distribution D on the manifold E that is hori-
zontal with respect to pi and has the following property: if γ : I →M is a smooth
curve on M then a curve γ˜ : I → E is a horizontal lifting of γ with respect to
D if and only if γ˜ is a ∇-parallel section of E along γ. We call D the horizontal
distribution of ∇. Given m ∈ M and ξ ∈ Em then the quotient TξE/Dξ can be
identified with Tξ(Em) = Ker(dpiξ); moreover, since Em is a vector space, we
identify Tξ(Em) with Em. We also identify Dξ with TmM using dpiξ. The Levi
form of D at a point ξ ∈ E can thus be seen as a bilinear map:
LDξ : TmM × TmM −→ Em.
Lemma 4.1. The Levi form of the horizontal distribution D of a connection ∇ is
given by:
LDξ (v,w) = −Rm(v,w)ξ,
for all m ∈M , ξ ∈ Em.
Proof. Given a smooth vector field X on M we denote by Xhor the horizontal lift
of X which is the unique horizontal vector field on E such that dpiξ(Xhor(ξ)
)
=
X
(
pi(ξ)
)
, for all ξ ∈ E. Given smooth vector fields X, Y on M , we have to show
that vertical component of [Xhor, Y hor] at a point ξ ∈ E is equal to −R(X,Y )ξ.
Note that the horizontal component of [Xhor, Y hor] is [X,Y ]hor, since Xhor and
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Y hor are pi-related respectively with X and Y . Thus, the proof will be concluded
once we show that:
α
(
[Xhor, Y hor]− [X,Y ]hor
)
= −α
(
R(X,Y )ξ
)
,
for every smooth section α of the dual bundle E∗. Given one such section α, we
denote by fα : E → R the smooth map defined by:
fα(ξ) = α(ξ).
We claim that:
Xhor(fα) = f∇∗Xα
,
where ∇∗ denotes the connection of E∗. Namely, let γ : ]−ε, ε[ → M be an
integral curve of X and let t 7→ ξ(t) be a parallel section of E along γ, so that ξ is
an integral curve of Xhor; then:
Xhor(fα) =
d
dt
∣∣
t=0
fα
(
ξ(t)
)
= ddt
∣∣
t=0
αγ(t)
(
ξ(t)
)
=
(
∇∗γ′(t)α
)
ξ(t)
∣∣
t=0
= (∇∗Xα)ξ,
which proves the claim. Observe also that if v ∈ TE is a vertical vector then
v(fα) = α(v); therefore:
(9) α([Xhor, Y hor]−[X,Y ]hor) = ([Xhor, Y hor]−[X,Y ]hor)(fα) = fR∗(X,Y )α,
where R∗ denotes the curvature tensor of ∇∗. A simple computation shows that:
R∗(X,Y )α = −α ◦R(X,Y ).
The conclusion follows from (9) by evaluating both sides at the point ξ. 
Corollary 4.2. Let pi : E → M be a smooth vector bundle endowed with a con-
nection ∇, let ψ : Z ⊂ R × Λ → M be a Λ-parametric family of curves on M
with a local right inverse α : V ⊂ M → Z and let ψ˜ : Z → E be a smooth
section of E along ψ such that t 7→ ψ˜(t, λ) is parallel for all λ ∈ Λ and such that
λ 7→ ψ˜(0, λ) is also parallel. If
Rψ(t,λ)(v,w)ψ˜(t, λ) = 0,
for all v,w ∈ Tψ(t,λ)M and all (t, λ) ∈ Z then s = ψ˜◦α is a parallel local section
of E.
Proof. Follows readily from Theorem 2.5 and Lemma 4.1. 
Corollary 4.3. Let pi : E → M be a smooth vector bundle endowed with a con-
nection ∇. Let x0 ∈M , e0 ∈ pi−1(x0) ⊂ E be given and let S be a fixed spray on
M . Assume that:
(a) if γ : [a, b] → M is a piecewise solution of S with γ(a) = x0 and
γ˜ : [a, b] → E is a parallel section of E along γ with γ˜(a) = e0 then
Rγ(b)(v,w)γ˜(b) = 0, for all v,w ∈ Tγ(b)M ;
(b) M is (connected and) simply-connected.
Then there exists a unique global smooth parallel section s of E with s(x0) = e0.
Proof. Follows directly from Lemma 4.1 and Theorem 3.11. 
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Corollary 4.4. Let pi : E → M be a real-analytic vector bundle endowed with a
real-analytic connection ∇. Assume that M is (connected and) simply-connected.
Then any local parallel section s : U → E of E defined on a nonempty connected
open subset U of M extends to a global parallel section of E.
Proof. It follows from Lemma 4.1 and Proposition 3.12. 
Proposition 4.5. Let pi : E → M be a real-analytic vector bundle endowed with
a real-analytic connection ∇. Given x ∈M , e ∈ pi−1(x), assume that:
(10) (∇kR)(v1, v2, . . . , vk+2)e = 0,
for all v1, . . . , vk+2 ∈ TxM and all k ≥ 0. Then there exists a parallel section s
of E defined in an open neighborhood of x in M with s(x) = e; in particular, by
Corollary 4.4, if M is (connected and) simply-connected then there exists a global
parallel section s of E with s(x) = e.
Proof. Given a smooth vector fieldX onM , we denote by X̂ the unique horizontal
vector field on E that is pi-related with X. We show that condition (10) is equiva-
lent to the condition that all iterated brackets of vector fields X̂ are horizontal at the
point e. The conclusion will then follow from Theorem 2.7. First, let us compute
the bracket [X̂, Ŷ ]. Since X̂ and Ŷ are pi-related respectively with X and Y , it
follows that the horizontal component of [X̂, Ŷ ] is [X,Y ]; its vertical component
is computed in Lemma 4.1. Thus:
(11) [X̂, Ŷ ]e =
(
[X,Y ]x,−R(X,Y )e
)
,
where we write tangent vectors to E as pairs consisting of a horizontal component
and a vertical component. Given a smooth section L of the vector bundle Lin(E),
we denote by L˜ the vertical vector field on E defined by L˜(e) =
(
0, L(e)
)
. Given
a smooth vector field Z on M , let us compute the bracket [Ẑ, L˜]. Since Ẑ is
pi-related with Z and L˜ is pi-related with zero, it follows that [Ẑ, L˜] is vertical.
Given a smooth section α of E∗, we consider the map fα : E → R defined by
fα(e) = α(e) and we compute as follows:
L˜(fα)(e) = α
(
L(e)
)
= fα◦L(e),
Ẑ(fα)(e) =
d
dt
fα
(
e(t)
)
=
d
dt
α
(
e(t)
)
= (∇Zα)(e) = f∇Zα(e),
where t 7→ e(t) is an integral curve of Ẑ, i.e., a parallel section of E along an
integral curve of Z . Then:
[Ẑ, L˜](fα) = Ẑ
(
L˜(fα)
)
− L˜
(
Ẑ(fα)
)
= f∇Z(α◦L) − f(∇Zα)◦L = fα◦∇ZL
= ∇˜ZL(fα),
so that:
(12) [Ẑ, L˜] = ∇˜ZL.
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Notice that (11) says that [X̂, Ŷ ] is given by:
[X̂, Ŷ ] = [̂X,Y ]− L˜,
where L(e) = R(X,Y )e. Using the equality above and (12) it can be easily proved
by induction that:
[Ẑ1, [Ẑ2, . . . [Ẑk, [X̂, Ŷ ]] · · · ]] = [Ẑ1, [Ẑ2, . . . [Ẑk, [̂X,Y ]] · · · ]]− L˜k,
where:
Lk(e) = (∇Z1(∇Z2(· · · ∇Zk(R(X,Y )) · · · )))e.
The conclusion follows by observing that Lk(e) can be written in the form:
Lk(e) = (∇
kR)(Z1, . . . , Zk,X, Y )e+
k−1∑
i=0
Lki,
where Lki is a term linear in (∇iR)(· · ·)e. 
4.2. Connections arising from metric tensors. Let pi : E → M be a vector
bundle and let E∗⊗E∗ denote the vector bundle over M whose fiber at m ∈M is
the space of bilinear forms on Em. If ∇ is a connection on E then we can define a
induced connection ∇bil on E∗ ⊗ E∗ by setting:
(∇bilX g)(ξ, η) = X
(
g(ξ, η)
)
− g(∇Xξ, η) − g(ξ,∇Xη),
where X is a smooth vector field on M and ξ, η are smooth sections of E. A
straightforward computation shows that the curvature tensor Rbil of ∇bil is given
by:
(13) (Rbil(X,Y )g)(ξ, η) = −g(R(X,Y )ξ, η) − g(ξ,R(X,Y )η),
for any smooth vector fields X, Y on M , any smooth sections ξ, η of E and any
smooth section g of E∗ ⊗ E∗. If γ : I → M is a smooth curve defined on an
interval I around 0 and if g0 is a bilinear form on Eγ(0) then the parallel transport
I ∋ t 7→ gt of g0 along γ relatively to the connection ∇bil is given by:
gt(ξ, η) = g0(P
−1
t ξ, P
−1
t η), ξ, η ∈ Eγ(t),
where Pt : Eγ(0) → Eγ(t) denotes the parallel transport along γ.
Given a smooth manifold M then a semi-Riemannian metric on M is a smooth
section g of the vector bundle TM∗ ⊗ TM∗ such that gm : TmM × TmM → R
is symmetric and nondegenerate; if gm is positive definite for all m ∈ M , we call
g a Riemannian metric. The Levi-Civita connection of g is the unique symmetric
connection ∇ on TM such that ∇bilg = 0.
We consider the following problem: given a symmetric connection ∇ on a
smooth manifold M , when does there exist a semi-Riemannian metric g on M
such that ∇ is the Levi-Civita connection of g?
Note that if ∇ is the Levi-Civita connection of a semi-Riemannian metric g then
for any m ∈ M and any v,w ∈ TmM , the linear operator Rm(v,w) : TmM →
TmM corresponding to the curvature tensor of ∇ is anti-symmetric with respect
to gm; moreover, given a smooth curve γ : [a, b] → M with γ(a) = m0 and
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γ(b) = m then, denoting by P : Tm0M → TmM the parallel transport along γ,
the linear operator:
P−1
[
Rm(v,w)
]
P : Tm0M −→ Tm0M
is anti-symmetric with respect to gm0 , for all v,w ∈ TmM . We will show below
that this anti-symmetry characterizes the connections arising from semi-Riemann-
ian metrics.
Proposition 4.6. Let M be a smooth manifold, ∇ be a symmetric connection on
TM , m0 ∈M and g0 be a nondegenerate symmetric bilinear form on Tm0M . Let
ψ : Z ⊂ R×Λ→M be a Λ-parametric family of curves on M with a local right
inverse α : V ⊂ M → Z; assume that ψ(0, λ) = m0, for all λ ∈ M . For each
(t, λ) ∈ Z , we denote by P(t,λ) : Tm0M → Tψ(t,λ)M the parallel transport along
t 7→ ψ(t, λ). Assume that for all (t, λ) ∈ Z the linear operator:
(14) P−1(t,λ)
[
Rψ(t,λ)(v,w)
]
P(t,λ) : Tm0M −→ Tm0M
is anti-symmetric with respect to g0, for all v,w ∈ Tψ(t,λ)M , where
Rψ(t,λ)(v,w) : Tψ(t,λ)M −→ Tψ(t,λ)M
denotes the linear operator corresponding to the curvature tensor of ∇. Then ∇ is
the Levi-Civita connection of the semi-Riemannian metric g on V ⊂M defined by
setting:
gm(·, ·) = g0(P
−1
α(m)·, P
−1
α(m)·),
for all m ∈ V .
Proof. For each (t, λ) ∈ Z , let ψ˜(t, λ) ∈ TM∗ ⊗ TM∗ be the bilinear form on
Tψ(t,λ)M defined by:
ψ˜(t, λ)(·, ·) = g0(P
−1
(t,λ)·, P
−1
(t,λ)·).
Then ψ˜ satisfies the hypotheses of Corollary 4.2 with E = TM∗ ⊗ TM∗; namely,
ψ˜(0, λ) = g0, for all λ ∈ Λ and by (13) and the anti-symmetry of (14), we have
Rbil
ψ(t,λ)(v,w) = 0, for all v,w ∈ Tφ(t,λ)M . Hence g = ψ˜ ◦α : V → TM
∗⊗TM∗
is a parallel section of TM∗⊗TM∗ and ∇ is the Levi-Civita connection of g. 
Theorem 4.7. LetM be a smooth manifold, ∇ be a symmetric connection on TM ,
m0 ∈M and g0 be a nondegenerate symmetric bilinear form on Tm0M . Let S be
a fixed spray on M . Assume that:
• for every piecewise solution γ : [a, b] → M of S with γ(a) = m0 the
linear operator P−1γ Rγ(b)Pγ on Tm0M is g0-anti-symmetric, where Pγ :
Tm0M → Tγ(b)M denotes parallel transport along γ;
• M is (connected and) simply-connected.
Then g0 extends to a Riemannian metric on M for which ∇ is the Levi-Civita
connection.
Proof. It follows from (13) and Corollary 4.3. 
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Proposition 4.8. LetM be a (connected and) simply-connected real-analytic man-
ifold and let ∇ be a real-analytic symmetric connection on TM . If there exists a
semi-Riemannian metric g on a nonempty open connected subset of M having ∇
as its Levi-Civita connection then g extends to a globally defined semi-Riemannian
metric on M having ∇ as its Levi-Civita connection.
Proof. It follows from Corollary 4.4. 
Proposition 4.9. Let M be a real-analytic manifold and let ∇ be a real-analytic
symmetric connection on TM . Given a point x0 ∈ M and a nondegenerate sym-
metric bilinear form g0 on Tx0M , if:
(∇kR)(v1, . . . , vk+2) : TxM → TxM
is g0-anti-symmetric for all v1, . . . , vk+2 ∈ Tx0M and all k ≥ 0 then g0 extends
to a semi-Riemannian metric on an open neighborhood of x0 whose Levi-Civita
connection is ∇. Moreover, if M is (connected and) simply-connected then g0
extends to a global semi-Riemannian metric on M having ∇ as its Levi-Civita
connection.
Proof. Follows easily from Proposition 4.5 and from formula (13). 
The above characterizations of Levi–Civita connections have been used in [3],
where the authors study left-invariant (symmetric) connections in Lie groups.
5. AFFINE MAPS
Let us now discuss as an application of the “single leaf Frobenius Theorem” a
classical result in differential geometry.
5.1. The Cartan–Ambrose–Hicks Theorem. Consider the following setup. Let
M , N be smooth manifolds endowed respectively with connections ∇M and ∇N .
We denote by TM , TN (resp., RM , RN ) respectively the torsion tensors (resp.,
curvature tensors) of ∇M and ∇N . A smooth map f : M → N is called affine if
for every x ∈M , v ∈ TxM and every smooth vector field X on M we have:
dfx(∇
M
v X) = ∇
N
v (df ◦X);
in the formula above df ◦X : M → TN is regarded as a vector field along f on
N , so that it makes sense to compute its covariant derivative ∇N along v ∈ TM .
Let x0 ∈ M , y0 ∈ N be given and let σ0 : Tx0M → Ty0N be a linear map.
Given a geodesic γ : [a, b]→M with γ(a) = x0 then the geodesic µ : [a, b]→ N
with µ(a) = y0 and µ′(a) = σ
(
γ′(a)
)
is called induced on N by the geodesic
γ and by σ0. We observe that the geodesic µ : [a, b] → N is well-defined only
if (b − a)σ
(
γ′(a)
)
is in the domain of the exponential map of N at the point
y0. Let σ : Tγ(b)M → Tµ(b)N be the linear map given by the composition of
parallel transport along γ, σ0 and parallel transport along µ; we call σ the linear
map induced by γ and σ0
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Theorem 5.1. Let x0 ∈ M , y0 ∈ N be given and let σ0 : Tx0M → Ty0N
be a linear map. Let U be an open subset of Tx0M which is star-shaped at the
origin and which is carried diffeomorphically onto an open subset V of M by the
exponential map of M at x0. Assume that σ(U) is contained in the domain of
the exponential map of N at y0. For each x ∈ V , let γx : [0, 1] → M be the
unique geodesic such that γ′x(0) ∈ U and γx(1) = x; let µx : [0, 1] → N and
σx : TxM → Tµx(1)N be respectively the geodesic and the linear map induced by
γx and σ0. Assume that for all x ∈ V the linear map σx relates TM with TN and
RM with RN , i.e.:
σx
(
TM (·, ·)
)
= TN
(
σx(·), σx(·)
)
, σx
(
RM (·, ·) ·
)
= RN
(
σx(·), σx(·)
)
σx(·).
Then the smooth map f : V → N defined by f(x) = µx(1) is affine and df(x) =
σx for all x ∈ V ; in particular, f(x0) = y0 and df(x0) = σ0.
Remark 5.2. In the statement of Theorem 5.1, if one assumes that σ0 is an isomor-
phism (resp., injective) then it follows that f is a local diffeomorphism (resp., that
f is an immersion). Moreover, if ∇M and ∇N are the Levi-Civita connections of
Riemannian metrics on M and N respectively then, if one assumes that σ0 is an
isometry, it follows that f is a local isometry.
In what follows we assume that ∇N is geodesically complete, i.e., for all y ∈ N
the exponential map of N at y is defined on the whole tangent space TyN .
Let x0 ∈M , y0 ∈ N be given and let σ0 : Tx0M → Ty0N be a linear map. Let
γ : [a, b]→M be a piecewise geodesic with γ(a) = x0, i.e., there exists a partition
a = t0 < t1 < · · · < tk = b of [a, b] such that γ|[ti,ti+1] is a geodesic for all i.
Using the linear map σ0 it is possible to define a piecewise geodesic µ : [a, b]→ N
and a linear map σ : Tγ(b)M → Tµ(b)N induced by γ in the following way: we
first define inductively a sequence of geodesics µi : [ti, ti+1] → N and of linear
maps σi : Tγ(ti)M → Tµi(ti)N . Let µ0 and σ1 be respectively the geodesic and
the linear map induced by the geodesic γ|[t0,t1] and by σ0. Assuming that µi and
σi+1 are defined we let µi+1 and σi+2 be respectively the geodesic and the linear
map induced by the geodesic γ|[ti,ti+1] and by σi+1. Finally, we let µ : [a, b]→ N
be the piecewise geodesic such that µ|[ti,ti+1] = µi for all i and we let σ = σk.
Theorem 5.3 (Cartan–Ambrose–Hicks). Let M , N be smooth manifolds endowed
respectively with connections ∇M and ∇N ; assume that ∇N is geodesically com-
plete and that M is connected and simply-connected. Let x0 ∈ M , y0 ∈ N be
given and let σ0 : Tx0M → Ty0N be a linear map. For each piecewise ge-
odesic γ : [a, b] → M with γ(a) = x0 denote by µγ : [a, b] → N and by
σγ : Tγ(b)M → Tµγ(b)N respectively the piecewise geodesic and the linear map
induced by the piecewise geodesic γ and by σ0. Assume that for every piecewise
geodesic γ the linear map σγ relates TM with TN and RM with RN . Then there
exists a smooth affine map f : M → N such that for every piecewise geodesic
γ : [a, b]→M we have f ◦γ = µγ and df
(
γ(b)
)
= σγ; in particular, f(x0) = y0
and df(x0) = σ0.
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Remark 5.4. In the statement of the Cartan–Ambrose–Hicks Theorem, if one as-
sumes in addition that σ0 is an isomorphism, and that ∇M is geodesically complete
then it follows that the affine map f :M → N is a covering map.
Corollary 5.5. Let (M,gM ), (N, gN ) be Riemannian manifolds with (N, gN )
complete and M connected and simply-connected. Let x0 ∈ M , y0 ∈ N be given
and let σ0 : Tx0M → Ty0N be a linear isometry onto a subspace of Ty0N . For
each piecewise geodesic γ : [a, b]→M with γ(a) = x0 denote by µγ : [a, b]→ N
and by σγ : Tγ(b)M → Tµγ(b)N respectively the piecewise geodesic and the linear
map induced by the piecewise geodesic γ and by σ0. Assume that for every piece-
wise geodesic γ the linear map σγ relates RM with RN . Then there exists a totally
geodesic isometric immersion f :M → N with f(x0) = y0 and df(x0) = σ0.
Proof. It follows immediately from Theorem 5.3; observe that the condition that f
is totally geodesic follows from the fact that f is affine. 
We now show how the proof of Theorems 5.1 and 5.3 can be obtained as an ap-
plication of the local and the global version of the “single leaf Frobenius Theorem”
(Theorems 2.5 and 3.11).
Consider the vector bundle E = Lin(TM,TN) over M × N whose fiber at a
point (x, y) ∈M ×N is the space of linear maps Lin(TxM,TyN). Notice that E
coincides with the tensor bundle pi∗1(TM∗)⊗pi∗2(TN), where pi1 and pi2 denote the
projections of the product M ×N . The connections ∇M and ∇N naturally induce
a connection ∇ on E given by:
(15) (∇(v,w)σ)(X) = ∇N(v,w)
(
σ(X)
)
− σ(∇Mv X),
where v ∈ TM , w ∈ TN , X is a smooth vector field on M and σ :M ×N → E
is a smooth section of E. In the formula above, σ(X) :M ×N → TN is regarded
as vector field along the projection pi2 :M ×N → N on N .
Given a smooth map f : U → N defined on an open subset U of M then
the differential df : U → E can be regarded as section of E along the map
U ∋ x 7→
(
x, f(x)
)
∈ M × N , so that it makes sense to consider the covariant
derivative of df with respect to the connection ∇.
Lemma 5.6. A smooth map f : U → N defined on an open subset of M is affine
if and only if df is parallel with respect to ∇.
Proof. Given v ∈ TM and a smooth vector field X on U we compute:(
∇v(df)
)
(X) = ∇Nv
(
df(X)
)
− df(∇Mv X).
The conclusion follows. 
Lemma 5.7. Let λ : t 7→
(
γ(t), µ(t), σ(t)
)
be a smooth curve on E, i.e., γ is a
curve on M , µ is a curve on N and σ(t) is a linear map from Tγ(t)M to Tµ(t)N
for all t. Then λ is parallel with respect to ∇ (or, equivalently, λ is tangent to the
horizontal distribution corresponding to ∇) if and only if the following condition
holds: for every ∇M -parallel vector field t 7→ v(t) ∈ TM along γ, the vector field
t 7→ σ(t)v(t) ∈ TN along µ is ∇N -parallel.
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Proof. Let t 7→ v(t) be a vector field along γ. Let us denote by Ddt , D
M
dt and
DN
dt
respectively the covariant derivatives with respect to the parameter t correspond-
ing to the connections ∇, ∇M and ∇N . The conclusion follows easily from the
following formula:
DN
dt [σ(t)v(t)] =
(
D
dt σ(t)
)
v(t) + σ(t)D
M
dt v(t),
observing that λ is ∇-parallel if and only if Ddtσ(t) = 0. 
The geometric interpretation of Lemma 5.7 is given by the following:
Corollary 5.8. Let λ be as in the statement of Lemma 5.7 and let t0 in the domain
of λ be fixed. Then λ is parallel with respect to ∇ if and only if the following
condition holds: for all t, the linear map σ(t) : Tγ(t)M → Tµ(t)N is given by the
composition of ∇M -parallel transport along γ, σ(t0) and ∇N -parallel transport
along µ. 
We now explain in which form the “single leaf Frobenius Theorem” (Theo-
rem 2.5) is going to be applied. We consider the smooth submersion pi : E → M
given by the composition of the canonical projection E → M × N with the first
projection pi1 : M ×N → M . Given x ∈ M , y ∈ N , σ ∈ Lin(TxM,TyN) then
the tangent space TσE is identified with the direct sum of TxM ⊕ TyN (the hori-
zontal space corresponding to the connection ∇) and Lin(TxM,TyN) (the tangent
space to the fiber). We will now define a distribution D on the manifold E that is
horizontal with respect to the submersion pi : E →M . We set:
(16) Dσ = Gr(σ)⊕ {0} ⊂ TxM ⊕ TyN ⊕ Lin(TxM,TyN) ∼= TσE,
where Gr(σ) ⊂ TxM ⊕ TyN denotes the graph of the linear map σ.
Lemma 5.9. Let s : U → E be a smooth section of E defined on an open subset
U of M ; we write s(x) = (f(x), σ(x)), where f : U → N is a smooth map and
σ(x) ∈ Lin(TxM,Tf(x)N), for all x ∈ U . Then s is D-horizontal if and only if
σ(x) = df(x) for all x ∈ U and f is affine.
Proof. Given x ∈ U , v ∈ TxM then the component of dsx(v) in TxM ⊕ Tf(x)N
is equal to
(
v,dfx(v)
)
. Thus, s is D-horizontal if and only if σ is ∇-parallel and
σ(x) = df(x), for all x ∈ U . The conclusion follows from Lemma 5.6. 
Lemma 5.10. Let λ be as in the statement of Lemma 5.7 and let t0 in the domain
of λ be fixed. Assume that γ is a geodesic on M . Then λ is D-horizontal if and
only if the following conditions hold:
• µ is a geodesic on N ;
• µ′(t0) = σ(t0)γ
′(t0);
• for all t, the linear map σ(t) : Tγ(t)M → Tµ(t)N is given by the compo-
sition of ∇M -parallel transport along γ, σ(t0) and ∇N -parallel transport
along µ.
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Proof. Clearly λ is D-horizontal if and only if λ is parallel with respect to ∇ and
µ′(t) = σ(t)γ′(t), for all t. The conclusion follows from Lemma 5.7 and Corol-
lary 5.8. 
Corollary 5.11. Let x0 ∈ M , y0 ∈ N be fixed and let σ0 : Tx0M → Ty0N
be a linear map. Let γ : [a, b] → M be a piecewise geodesic with γ(a) = x0.
Then λ : [a, b] ∋ t 7→
(
γ(t), µ(t), σ(t)
)
∈ E is the horizontal lift of γ with
λ(a) = (x0, y0, σ0) if and only if µ : [a, b]→ N is the piecewise geodesic induced
by γ and σ0 and σ(t) is the linear map induced by γ|[a,t] and σ0, for all t. 
Lemma 5.12. The curvature tensor RE of the connection ∇ of E is given by:
RE(x,y)
(
(v1, w1), (v2, w2)
)
σ = RNy (w1, w2) ◦ σ − σ ◦R
M
x (v1, v2),
for all (x, y) ∈M ×N , v1, v2 ∈ TxM , w1, w2 ∈ TyN , σ ∈ Lin(TxM,TyN). 
Lemma 5.13. Let P ,Q be smooth manifolds, ∇ a connection onQ and h : P → Q
be a smooth map. Given smooth vector fields X, Y in P then:
∇X
(
dh(Y )
)
−∇Y
(
dh(X)
)
− dh
(
[X,Y ]
)
= T
(
dh(X),dh(Y )
)
,
where T denotes the torsion of ∇.
Proof. It is a standard computation in calculus with connections (see Proposi-
tion B.8). 
We will now compute the Levi form of the distribution D. Given x ∈ M ,
y ∈ N , σ ∈ Lin(TxM,TyN), the Levi form of D at the point σ ∈ E is a bilinear
map LDσ : Dσ × Dσ → TσE/Dσ . We identify the space Dσ with TxM by the
isomorphism:
TxM ∋ v 7−→
(
v, σ(v), 0
)
∈ Dσ ⊂ TxM ⊕ TyN ⊕ Lin(TxM,TyN) ∼= TσE.
Moreover, the surjective linear map:
(17) TσE ∋ (v,w, τ) 7−→ (w − σ(v), τ) ∈ TyN ⊕ Lin(TxM,TyN)
has kernel Dσ and thus induces an isomorphism from the space TσE/Dσ onto
TyN ⊕ Lin(TxM,TyN). Hence, the Levi form of D at σ will be identified with a
bilinear map:
LDσ : TxM × TxM −→ TyN ⊕ Lin(TxM,TyN).
We now compute LDσ .
Lemma 5.14. Given x ∈ M , y ∈ N , σ ∈ Lin(TxM,TyN), the Levi form of D at
the point σ ∈ E is given by:
LDσ (v1, v2) =
(
σ
(
TM (v1, v2)
)
− TN
(
σ(v1), σ(v2)
)
,
σ ◦RMx (v1, v2)−R
N
y
(
σ(v1), σ(v2)
)
◦ σ
)
,
for all v1, v2 ∈ TxM .
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Proof. Given a smooth vector field X on M , we define a smooth vector field X˜ on
E by setting:
(18)
X˜(x, y, σ) =
(
X(x), σ(X(x)), 0
)
∈ TxM ⊕ TyN ⊕ Lin(TxM,TyN) ∼= TσE,
for all x ∈M , y ∈ N , σ ∈ Lin(TxM,TyN). Observe that X˜ is D-horizontal.
Let x ∈ M , y ∈ N , σ ∈ Lin(TxM,TyN), v1, v2 ∈ TxM be fixed. Choose
smooth vector fields X1, X2 on M with X1(x) = v1, X2(x) = v2. In order to
compute the Levi form of D at the point σ it suffices to compute the Lie bracket
[X˜1, X˜2] at the point σ. The vector [X˜1, X˜2]σ is identified with an element of
TxM ⊕ TyN ⊕ Lin(TxM,TyN). The component in Lin(TxM,TyN) of such
vector can be computed using Lemma 4.1, since X˜1 and X˜2 are both horizon-
tal with respect to the connection ∇ of E; thus, the component of [X˜1, X˜2]σ in
Lin(TxM,TyN) is equal to −RE
(
(v1, σ(v1)), (v2, σ(v2))
)
σ. Let us now compute
the component of [X˜1, X˜2]σ in TxM⊕TyN ; this is just dpiσ
(
[X˜1, X˜2]σ
)
. Consider
the connection ∇M×N on M ×N induced from ∇M and ∇N ; its torsion TM×N
is given by:
TM×N
(
(v1, w1), (v2, w2)
)
=
(
TM (v1, v2), T
N (w1, w2)
)
.
We now compute dpiσ
(
[X˜1, X˜2]σ
)
using Lemma 5.13 with P = E, Q = M ×N
and h = pi. We get:
(19) ∇M×N
X˜1
(
dpi(X˜2)
)
−∇M×N
X˜2
(
dpi(X˜1)
)
− dpi
(
[X˜1, X˜2]
)
=
(
TM (X1,X2), T
N (σ(X1), σ(X2))
)
.
We compute ∇M×N
X˜1
(
dpi(X˜2)
)
as follows:
∇M×N
X˜1
(
dpi(X˜2)
)
= D
M×N
dt dpi
(
X˜2(λ(t))
)
,
where λ : ]−ε, ε[ → E is an integral curve of X˜1 with λ(0) = σ. Thus λ(t) =(
x(t), y(t), σ(t)
)
, where t 7→ x(t) ∈ M is an integral curve of X1, y′(t) =
σ(t)x′(t) and t 7→ σ(t) is ∇-parallel. Hence:
DM×N
dt dpi
(
X˜2(λ(t))
)
= D
M×N
dt
(
X2(x(t)), σ(t)X2(x(t))
)
=
(
DM
dt X2(x(t)),
DN
dt [σ(t)X2(x(t))]
)
σ parallel
=
(
DM
dt X2(x(t)), σ(t)
DM
dt X2(x(t))
)
.
Evaluating at t = 0 we obtain:
(20) ∇M×N
X˜1
(
dpi(X˜2)
)
= D
M×N
dt dpi
(
X˜2(λ(t))
)∣∣∣
t=0
=
(
∇MX1X2, σ(∇
M
X1
X2)
)
,
where the righthand side of (20) is evaluated at the point x. Similarly:
(21) ∇M×N
X˜2
(
dpi(X˜1)
)
=
(
∇MX2X1, σ(∇
M
X2
X1)
)
.
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Using (19), (20) and (21) we get:
dpiσ
(
[X˜1, X˜2]σ
)
=
(
[X1,X2]x, σ([X1,X2]x) + σ
(
TM(X1,X2)
)
− TN
(
σ(X1), σ(X2)
))
.
Hence, recalling Lemma 5.12:
(22)
[X˜1, X˜2]σ =
(
[X1,X2]x, σ([X1,X2]x)+σ
(
TM (X1,X2)
)
−TN
(
σ(X1), σ(X2)
)
,
σ ◦RMx (X1,X2)−R
N
y (σ(X1), σ(X2)) ◦ σ
)
.
The conclusion follows recalling formula (17) that gives the identification between
TσE/Dσ and TyN ⊕ Lin(TxM,TyN). 
Corollary 5.15. Given x ∈ M , y ∈ N , σ ∈ Lin(TxM,TyN), then the Levi form
of D at the point σ ∈ E vanishes if and only if the linear map σ : TxM → TyN
relates TM with TN and RM with RN .
Proof. It follows from Lemma 5.14. 
Proof of Theorems 5.1 and 5.3. It follows from Theorems 2.5 and 3.11, keeping in
mind Examples 2.2 and 3.1, Lemmas 5.9 and 5.10, and Corollary 5.15. 
5.2. Higher order Cartan–Ambrose–Hicks theorem. Given a tensor field τ on
a manifold endowed with a connection ∇, we denote by ∇(r)τ its r-th covariant
derivative, for r ≥ 1; we set ∇(0)τ = τ .
Theorem 5.16. Let M , N be real-analytic manifolds endowed with real-analytic
connections ∇M and ∇N , respectively. Let x0 ∈ M , y0 ∈ N be given and let
σ0 : Tx0M → Ty0N be a linear map. If for all r ≥ 0 the linear map σ0 relates
∇(r)TMx0 with ∇
(r)TNy0 and ∇
(r)RMx0 with ∇
(r)RNy0 then there exists a real-analytic
affine map f : U → N defined on an open neighborhood U of x0 in M satisfying
f(x0) = y0 and df(x0) = σ0.
Proof. We will apply Theorem 2.7 to the distribution D on E defined in (16). As
before, for x ∈M , y ∈ N , σ ∈ Lin(TxM,TyN), we use the identification:
TσE ∼= TxM ⊕ TyN ⊕ Lin(TxM,TyN).
Given a smooth vector fieldX onM , we define aD-horizontal vector field X˜ onE
as in (18). Recall that for X1,X2 ∈ Γ(TM), the bracket [X˜1, X˜2] was computed
in the proof of Lemma 5.14 (see (22)). By Remark 2.8, the thesis will follow once
we show that the iterated brackets:
(23) [X˜r+1, . . . , X˜1] def= [X˜r+1, [X˜r, . . . , [X˜2, X˜1] · · · ]],
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evaluated at σ0 ∈ E are in Dσ0 , for all X1, . . . ,Xr ∈ Γ(TM) and all r ≥ 1. For
r ≥ 0, x ∈M , y ∈ N , σ ∈ Lin(TxM,TyN) we set:
T(r)σ (X1, . . . ,Xr+2) = σ
(
∇(r)TM (X1, . . . ,Xr+2)
)
−∇(r)TN
(
σ(X1), . . . , σ(Xr+2)
)
∈ TyN,
R(r)σ (X1, . . . ,Xr+2) = σ ◦ ∇
(r)RM(X1, . . . ,Xr+2)
−∇(r)RN
(
σ(X1), . . . , σ(Xr+2)
)
◦ σ ∈ Lin(TxM,TyN),
for all X1, . . . ,Xr+2 ∈ TxM . The hypotheses of the theorem say that T(r)σ0 and
R
(r)
σ0 vanish for all r ≥ 0. Observe that T(r) and R(r) are, respectively, sections
along the map pi : E →M ×N of the vector bundles over M ×N given by:(⊗
r+2
(pi∗1TM)
∗
)
⊗ pi∗2TN and
(⊗
r+2
(pi∗1TM)
∗
)
⊗ (pi∗1TM)
∗ ⊗ pi∗2TN,
where pi1 and pi2 denote the projections of the product M ×N .
Our plan is to show that the iterated bracket (23) can be written in the form:
(24) [X˜r+1, . . . , X˜1] =
(
0,T(r−1)(Xr+1, . . . ,X1),R
(r−1)(Xr+1, . . . ,X1)
)
+
(
0,L(r)(T(0),R(0), . . . ,T(r−2),R(r−2))
)
+ terms in Γ(r−1)(D),
for all r ≥ 1, where L(r) is a section along the map pi : E →M ×N of the vector
bundle over M ×N given by:
Lin
( r−2⊕
i=0
[(⊗
i+2
(pi∗1TM)
∗
)
⊗pi∗2TN⊕
(⊗
i+2
(pi∗1TM)
∗
)
⊗(pi∗1TM)
∗⊗pi∗2TN
]
,
pi∗2TN ⊕ (pi
∗
1TM)
∗ ⊗ pi∗2TN
)
.
Once formula (24) is proven, the conclusion follows easily by induction on r. We
will now conclude the proof by showing formula (24) by induction on r. For r = 1,
we have (recall (22)):
[X˜2, X˜1] =
(
0, σ
(
TM (X2,X1)
)
− TN
(
σ(X2), σ(X1)
)
,
σ ◦RM (X2,X1)−R
N (σ(X2), σ(X1)) ◦ σ
)
+ terms in Γ0(D)
=
(
0,T(0)(X2,X1),R
(0)(X2,X1)
)
+ terms in Γ0(D),
proving the base of the induction. The induction step can be proven by applying
ad
X˜r+2
to both sides of (24), keeping in mind Lemma 5.17 below and the following
formulas:
(∇horT
(i))σ
(
Z, σ(Z)
)
= T(i+1)(Z, · · · ),
(∇horR
(i))σ
(
Z, σ(Z)
)
= R(i+1)(Z, · · · ),
where Z is a vector field on M . This concludes the proof. 
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Lemma 5.17. Let A be a section along the map pi2 ◦ pi : E → N of the tangent
bundle of N and let B be a section along the map pi : E → M ×N of the vector
bundle E, so that (0, A,B) is a vector field on the manifold E. Let Z be a vector
field on M . Then:
[Z˜, (0, A,B)]σ =
(
0,∇NhorA
(
Z, σ(Z)
)
−B(Z)− TN
(
σ(Z), A
)
,
∇horB
(
Z, σ(Z)
)
−RN
(
σ(Z), A
)
◦ σ
)
, σ ∈ E,
where ∇NhorA (resp., ∇horB) denotes the restriction of ∇NA (resp., of ∇B) to the
horizontal subbundle of TE determined by the connection of E.
Proof. We compute the horizontal component of [Z˜, (0, A,B)] using Lemma 5.13
with P = E, Q =M ×N and h = pi. We have:
dpiσ[(Z, σ(Z), 0), (0, A,B)] = ∇
M×N
(Z,σ(Z),0)(0, A)−∇
M×N
(0,A,B)
(
Z, σ(Z)
)
− TM×N
(
(Z, σ(Z)), (0, A)
)
.
Clearly:
TM×N
(
(Z, σ(Z)), (0, A)
)
=
(
TM (Z, 0), TN (σ(Z), A)
)
=
(
0, TN (σ(Z), A)
)
and:
∇M×N(Z,σ(Z),0)(0, A) =
(
0,∇NhorA(Z, σ(Z))
)
.
Let t 7→
(
x(t), y(t), σ(t)
)
be an integral curve of (0, A,B), i.e., t 7→ x(t) is
constant, y′ = A and Ddtσ = B. We compute:
∇M×N(0,A,B)
(
Z, σ(Z)
)
= D
M×N
dt
(
Zx(t), σ(t)Zx(t)
)
=
(
0, B(Z)
)
.
Let us now compute the vertical component of [Z˜, (0, A, 0)]. Since both Z˜ and
(0, A, 0) are in the horizontal subbundle of TE determined by the connection of
E, the vertical component of [Z˜, (0, A, 0)] can be directly computed using Lem-
mas 4.1 and 5.12, as follows:
vertical component of [Z˜, (0, A, 0)]σ = −RE
(
(Z, σ(Z)), (0, A)
)
σ
= σ ◦RM (Z, 0) −RN
(
σ(Z), A
)
◦ σ = −RN
(
σ(Z), A
)
◦ σ.
Finally, we compute the vertical component of [Z˜, (0, 0, B)]. Let W be a vector
field on M and α be a 1-form on N ; we define a map fW,α : E → R by setting:
fW,α(σ) = α
(
σ(W )
)
.
Let x ∈ M , y ∈ N , σ ∈ Lin(TxM,TyN) be fixed and assume that ∇MW (x) =
0, ∇Nα(y) = 0, so that dfW,α(σ) annihilates the horizontal subspace of TσE
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determined by the connection of E. We compute:
(0, 0, B)(fW,α) = α
(
B(W )
)
,
Z˜(fW,α) = (∇σ(Z)α)
(
σ(W )
)
+ α
(
σ(∇ZW )
)
,
Z˜
(
(0, 0, B)(fW,α)
)
σ
= (∇σ(Z)α)x
(
B(W )
)
+ α
(
∇horBσ(Z, σ(Z))(W )
)
+ α
(
B(∇ZxW )
)
= α
(
∇horBσ(Z, σ(Z))(W )
)
,
(0, 0, B)
(
Z˜(fW,α)
)
σ
= (∇B(Z)α)x
(
σ(W )
)
+ (∇σ(Z)α)x
(
B(W )
)
+ α
(
B(∇ZxW )
)
= 0,
so that:
[Z˜, (0, 0, B)](fW,α) = α
(
∇horBσ(Z, σ(Z))(W )
)
.
Hence, the vertical component of [Z˜, (0, 0, B)]σ is equal to ∇horBσ
(
Z, σ(Z)
)
.
This concludes the proof. 
Proposition 5.18. LetM ,N be real-analytic manifolds endowed with real-analytic
connections ∇M and ∇N , respectively. Assume that ∇N is geodesically com-
plete and that M is (connected and) simply-connected. Then every affine map
f : U → N defined on a nonempty connected open subset U of M extends to
an affine map from M to N . In particular, if in addition x0 ∈ M , y0 ∈ N ,
σ0 ∈ Lin(Tx0M,Ty0N) satisfy the hypotheses of Theorem 5.16 then there exists
an affine map f :M → N with f(x0) = y0 and df(x0) = σ0.
Proof. If D is the distribution on E defined in (16) then, by Lemma 5.9, s(x) =(
f(x),df(x)
)
is aD-horizontal section of pi : E →M defined in U . The geodesi-
cal completeness of ∇N guarantees that hypothesis (b) of Proposition 3.12 is sat-
isfied; hence, such proposition gives a global horizontal section of pi. 
An affine symmetry around a point x0 ∈M is an affine map f : U →M defined
in an open neighborhood U of x0 with f(x0) = x0 and df(x0) = −Id.
Corollary 5.19. Let M be a real-analytic manifold endowed with a real-analytic
connection ∇. Let x0 ∈ M be fixed. Then there exists an affine symmetry around
x0 if and only if:
(25) ∇(2r)Tx0 = 0, and ∇(2r+1)Rx0 = 0, for all r ≥ 0.
Moreover, if M is (connected and) simply-connected and complete then condition
(25) is equivalent to the existence of a globally defined affine symmetry f : M →
M around x0.
Proof. Apply Theorem 5.16 with M = N , y0 = x0 and σ0 = −Id. For the global
result apply Proposition 5.18. 
APPENDIX A. A GLOBALIZATION PRINCIPLE
Definition A.1. Let X, X˜ be topological spaces and pi : X˜ → X be a map. An
open subset U ⊂ X is called a fundamental open subset of X if pi−1(U) equals
a disjoint union ⋃i∈I Ui of open subsets Ui of X˜ such that pi|Ui : Ui → U is
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a homeomorphism for all i ∈ I . We say that pi is a covering map if X can be
covered by fundamental open subsets.
Obviously every covering map is a local homeomorphism.
Given a local homeomorphism pi : X˜ → X then by a local section of pi we mean
a continuous map s : U → X˜ defined on an open subset of X with pi ◦ s = IdU .
Lemma A.2. Let X, X˜ be topological spaces and pi : X˜ → X be a local home-
omorphism. Assume that X˜ is Hausdorff. Let U be a connected open subset of X
satisfying the following property:
(∗) for every x ∈ U and every x˜ ∈ X˜ with pi(x˜) = x there exists a local
section s : U → X˜ of pi with s(x) = x˜.
Then U is a fundamental open subset of X.
Proof. Let S be the set of all local sections of pi defined in U . We claim that:
pi−1(U) =
⋃
s∈S
s(U).
Indeed, if s ∈ S then obviously s(U) ⊂ pi−1(U); moreover, given x˜ ∈ pi−1(U)
then x = pi(x˜) ∈ U and by property (∗) there exists s ∈ S with s(x) = x˜. Thus
x˜ ∈ s(U). This proves the claim. Now observe that s(U) is open in X˜ for all
s ∈ S; moreover, pi|s(U) : s(U) → U is a homeomorphism, being the inverse
of s : U → s(U). To complete the proof, we show that the union
⋃
s∈S s(U) is
disjoint. Pick s, s′ ∈ S with s(U) ∩ s′(U) 6= ∅. Then there exists x, y ∈ U with
s(x) = s′(y). Observe that:
x = pi
(
s(x)
)
= pi
(
s′(y)
)
= y,
and thus s(x) = s′(x). Since U is connected and X˜ is Hausdorff it follows that
s = s′. 
Corollary A.3. Let X, X˜ be topological spaces and pi : X˜ → X be a local
homeomorphism. Assume that X˜ is Hausdorff and that X is locally connected.
If every point of X has an open neighborhood satisfying property (∗) then pi is a
covering map. 
Let X be a topological space. A pre-sheaf on X is a map P that assigns to each
open subset U ⊂ X a set P(U) and to each pair of open subsets U, V ⊂ X with
V ⊂ U a map PU,V : P(U)→ P(V ) such that the following properties hold:
• for every open subset U ⊂ X the map PU,U is the identity map of the set
P(U);
• given open sets, U, V,W ⊂ X with W ⊂ V ⊂ U then:
PV,W ◦PU,V = PU,W .
We say that the pre-sheaf P is nontrivial if there exists a nonempty open subset U
of X with P(U) 6= ∅.
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A.1. Example. For each open subset U of X let P(U) be the set of all continuous
maps f : U → R. Given open subsets U , V of X with V ⊂ U we set PU,V (f) =
f |V , for all f ∈ P(U). Then P is a pre-sheaf over X.
A sheaf over a topological space X is a pair (S, pi), where S is a topological
space and pi : S → X is a local homeomorphism.
Let P be a pre-sheaf over a topological space X. Given a point x ∈ X, consider
the disjoint union of all sets P(U), where U is an open neighborhood of x in
X. We define an equivalence relation ∼ on such disjoint union as follows; given
f1 ∈ P(U1), f2 ∈ P(U2), where U1, U2 are open neighborhoods of x in X then
f1 ∼ f2 if and only if there exists an open neighborhood V of x contained in
U1 ∩ U2 such that PU1,V (f1) = PU2,V (f2). If U is an open neighborhood of x in
X and f ∈ P(U) then the equivalence class of f corresponding to the equivalence
relation ∼ will be denote by [f ]x and will be called the germ of f at the point x.
We set:
Sx =
{
[f ]x : f ∈ P(U), for some open neighborhood U of x in X
}
.
Let S denote the disjoint union of all Sx, with x ∈ X. Let pi : S → X denote
the map that carries Sx to the point x. Our goal now is to define a topology on S.
Given an open subset U ⊂ X and an element f ∈ P(U) we set:
V(f) =
{
[f ]x : x ∈ U
}
⊂ S.
The set: {
V(f) : f ∈ P(U), U an open subset of X
}
is a basis for a topology on S; moreover, if S is endowed with such topology, the
map pi : S → X is a local homeomorphism, so that (S, pi) is a sheaf over X. We
call (S, pi) the sheaf of germs corresponding to the pre-sheaf P. Observe that if U
is an open subset of X and f ∈ P(U) then the map fˆ : U → S defined by
fˆ(x) = [f ]x, x ∈ U,
is a local section of the sheaf of germs defined in U .
Definition A.4. We say that the pre-sheaf P has the localization property if, given
a family (Ui)i∈I of open subsets of X and setting U =
⋃
i∈I Ui then the map:
(26) P(U) ∋ f 7−→ (PU,Ui(f))i∈I ∈∏
i∈I
P(Ui)
is injective and its image consists of all the families (fi)i∈I in
∏
i∈I P(Ui) such
that PUi,Ui∩Uj(fi) = PUj ,Ui∩Uj(fj), for all i, j ∈ I .
Remark A.5. If the pre-sheaf P has the localization property then for every local
section s : U → S of its sheaf of germs S there exists a unique f ∈ P(U) such
that fˆ = s.
Definition A.6. We say that the pre-sheaf P has the uniqueness property if for
every connected open subset U ⊂ X and every nonempty open subset V ⊂ U
the map PU,V is injective. We say that an open subset U ⊂ X has the extension
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property with respect to the pre-sheaf P if for every connected nonempty open
subset V of U the map PU,V is surjective. We say that the pre-sheaf P has the
extension property if X can be covered by open sets having the extension property
with respect to P.
Remark A.7. If the pre-sheaf P has the uniqueness property and if X is locally
connected and Hausdorff then the space S is Hausdorff. If X is locally connected
and if U is an open subset of X having the extension property with respect to the
pre-sheaf P then U has the property (∗) with respect to the local homeomorphism
pi : S → X. It follows from Lemma A.2 that if X is Hausdorff and locally
connected and if the pre-sheaf P has the uniqueness property and the extension
property then the map pi : S→ X is a covering map.
Proposition A.8. Assume that X is Hausdorff, locally arc-connected, connected,
and simply-connected. If P is a pre-sheaf over X satisfying the localization prop-
erty, the uniqueness property and the extension property then the open set X has
the extension property for P, i.e., for every nonempty open connected subset V of
X the map PX,V : P(X) → P(V ) is surjective. In particular, if P is nontrivial
then the set P(X) is nonempty.
Proof. Let V be a nonempty open connected subset of X and let f ∈ P(V ) be
fixed. We will show that f is in the image of PX,V . Let pi : S → X denote the
sheaf of germs of P. By Remark A.7 pi is a covering map. Choose an arbitrary
point x0 ∈ V and let S0 be the arc-connected component of [f ]x0 in S. Since X
is locally arc-connected, the restriction of pi to S0 is again a covering map. By the
connectedness and simply-connectedness of X, pi|S0 : S0 → X is a homeomor-
phism. The inverse of pi|S0 is therefore a global section s : X → S and, by Re-
mark A.5, there exists g ∈ P(X) with gˆ = s. Now [g]x0 = gˆ(x0) = s(x0) = [f ]x0
and hence, by the uniqueness property, PX,V (g) = f . 
APPENDIX B. A CRASH COURSE ON CALCULUS WITH CONNECTIONS
Given a smooth vector bundle pi : E →M over a smooth manifold M , we will
denote by Γ(E) the space of all smooth sections s : M → E of E. Observe that
Γ(E) is a real vector space and it is a module over the commutative ring C∞(M)
of all smooth maps f :M → R. Given an open subset U of M , we denote by E|U
the restriction of the vector bundle E to U , i.e., E|U = pi−1(U).
Definition B.1. A connection on a vector bundle pi : E →M is a R-bilinear map:
∇ : Γ(TM)× Γ(E) ∋ (X, s) 7−→ ∇Xs ∈ Γ(E)
that is C∞(M)-linear in the variable X and satisfies the Leibnitz derivative rule:
∇X(fs) = X(f)s+ f∇Xs,
for all X ∈ Γ(TM), s ∈ Γ(E), f ∈ C∞(M).
B.1. Example. If E0 is a fixed real finite-dimensional vector space and E =M ×
E0 is a trivial vector bundle over M then a section s of E can be identified with a
THE SINGLE-LEAF FROBENIUS THEOREM 33
map s :M → E0 and a connection on E can be defined by:
(27) ∇Xs = ds(X),
for all X ∈ Γ(TM). We call (27) the standard connection of the trivial bundle E.
It follows from the C∞(TM)-linearity of ∇ in the variable X that ∇Xs(x)
depends only of the value of X at the point x ∈ M , i.e., if X(x) = X ′(x) then
∇Xs(x) = ∇X′s(x). Given s ∈ Γ(E), x ∈M and v ∈ TxM , we set:
∇vs = ∇Xs(x),
where X ∈ Γ(TM) is an arbitrary vector field with X(x) = v. For all x ∈M we
denote by ∇s(x) : TxM → Ex the linear map given by v 7→ ∇vs. Thus, given
s ∈ Γ(E), we obtain a smooth section ∇s of TM∗ ⊗ E.
It follows from the Leibnitz rule that if U ⊂ M is an open subset then the
restriction of ∇Xs to U depends only of the restriction of s to U . Thus, given an
open subset U of M , a connection ∇ on E induces a unique connection ∇U on
E|U such that:
(28) ∇Uv (s|U ) = ∇vs,
for all s ∈ Γ(E), v ∈ TU .
Remark B.2. Given connections ∇ and ∇′ on a vector bundle pi : E → M then
their difference is a tensor; more explicitly:
t(X, s) = ∇Xs−∇
′
Xs ∈ Γ(E), X ∈ Γ(TM), s ∈ Γ(E),
is C∞(M)-bilinear and hence defines a smooth section t of the vector bundle
TM∗ ⊗ E∗ ⊗ E. Moreover, if ∇ is a connection on E and t is a smooth sec-
tion of TM∗ ⊗ E∗ ⊗ E then ∇ + t is also a connection on E. If t is a section
of TM∗ ⊗ E∗ ⊗ E then, given x ∈ M , v ∈ TxM , we identify t(v) with a linear
operator on the fiber Ex.
Given vector bundles pi : E →M , p˜i : E˜ →M over the same base manifold M
then a vector bundle morphism is a smooth map L : E → E˜ such that p˜i ◦ L = pi
and such that L|Ex : Ex → E˜x is a linear map, for all x ∈M . We will denote the
restriction of L to Ex by Lx. If L : E → E˜ is a vector bundle morphism such that
Lx is an isomorphism for all x ∈ M then we call L a vector bundle isomorphism.
If A is an open subset of E and L : A→ E˜ is a smooth map such that p˜i ◦L = pi|A
then we call L a fiber bundle morphism. Given x ∈ M , we write Ax = A ∩ Ex
and Lx = L|Ax : Ax → E˜x.
Definition B.3. Given vector bundles pi : E → M , p˜i : E˜ → M over the same
base manifold M , a vector bundle morphism L : E → E˜ and connections ∇, ∇˜
on E and E˜ respectively then we say that ∇ and ∇˜ are L-related if:
∇˜X
(
L(s)
)
= L(∇Xs),
for all X ∈ Γ(TM), s ∈ Γ(E).
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In what follows, we will deal with several constructions involving connections
on different vector bundles. In order to avoid heavy notations, we will usually
denote all these connections by the symbol ∇; it should be clear from the con-
text which connection the symbol ∇ refers to. For instance, formula (28) will be
rewritten in the following simpler form:
∇v(s|U ) = ∇vs.
Definition B.4. Given a connection ∇ on a vector bundle pi : E → M , then the
curvature tensor of ∇ is defined by:
(29) R(X,Y )s = ∇X∇Y s−∇Y∇Xs−∇[X,Y ]s ∈ Γ(E),
for all X,Y ∈ Γ(TM), s ∈ Γ(E).
Since the righthand side of (29) is C∞(M)-linear in the variables X, Y and
s, it follows that R can be identified with a smooth section of the vector bundle
TM∗ ⊗ TM∗ ⊗E∗ ⊗ E. Clearly, R(X,Y )s is anti-symmetric in the variables X
and Y .
The notion of torsion is usually defined only for connection on tangent bundles.
We will present a slight generalization of this notion.
Definition B.5. Let pi : E → M be a smooth vector bundle and let ι : TM → E
be a vector bundle morphism. Given a connection ∇ on E then the ι-torsion of ∇
is defined by:
(30) T ι(X,Y ) = ∇X
(
ι(Y )
)
−∇Y
(
ι(X)
)
− ι
(
[X,Y ]
)
∈ Γ(E),
for all X,Y ∈ Γ(TM). If E = TM and ι is the identity map of TM , we will
write simply T and call it the torsion of ∇.
Again, the righthand side of (30) is C∞(M)-linear on the variables X and Y ,
so that T ι can be identified with a smooth section of the vector bundle TM∗ ⊗
TM∗ ⊗ E. Clearly, T ι(X,Y ) is anti-symmetric in X and Y .
In what follows we will study some natural constructions with vector bundles
endowed with connections and we will present some formulas for the computation
of torsions and curvatures. We will consider constructions that act on the basis of
the vector bundles and constructions that act on their fibers.
Given smooth manifolds, M , N , a smooth vector bundle pi : E → M over M
and a smooth map f : N → M then we denote by f∗E the pull-back of E by f
which is a vector bundle over N whose fiber at a point x ∈ N is equal to Ef(x).
Observe that there is a natural identification of smooth sections of the bundle f∗E
with smooth sections of E along f , i.e., smooth maps s : N → E such that
pi ◦ s = f . Notice that every smooth section s : M → E of E gives rise to a
smooth section of E along f given by s ◦ f : N → E; we may thus identify s ◦ f
with a section of f∗E.
Proposition B.6. Given smooth manifolds M , N , a smooth vector bundle E over
M endowed with a connection ∇ and a smooth map f : N →M then there exists
a unique connection f∗∇ on the pull-back bundle f∗E such that:
(31) (f∗∇)v(s ◦ f) = ∇df(v)s,
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for all s ∈ Γ(E) and all v ∈ TN .
The next result follows easily from Proposition B.6.
Proposition B.7. Let P , N , M be smooth manifolds, E be a vector bundle over
M endowed with a connection ∇ and g : P → N , f : N → M be smooth maps.
Then:
(32) (f ◦ g)∗∇ = f∗(g∗∇);
moreover, if i : U →M denotes the inclusion map of an open subset U of M then
i∗E can be naturally identified with the bundle E|U and i∗∇ coincides with the
induced connection ∇U .
Identity (32) can be interpreted as a chain rule as follows; given a section s :
N → E of E along f and v ∈ TP then:(
(f ◦ g)∗∇
)
v
(s ◦ g)
by (32)
=
(
g∗(f∗∇)
)
v
(s ◦ g)
by (31)
= (f∗∇)dg(v)s.
We have the following natural formula to compute the curvature and the torsion
of a pull-back connection.
Proposition B.8. Given smooth manifolds M , N , a smooth vector bundle E over
M endowed with a connection ∇ and a smooth map f : N → M then the curva-
ture tensor of f∗∇ is given by:
Rf
∗∇
x (v,w)e = R
∇
f(x)
(
df(x)v,df(x)w
)
e,
for all x ∈ N , v,w ∈ TxN , e ∈ (f∗E)x = Ef(x). Moreover, given a smooth
vector bundle morphism ι : TM → E, then ι ◦ df : TN → E is identified with a
vector bundle morphism ι˜ : TN → f∗E and the the following formula holds:
(33) T ι˜x(v,w) = T ιf(x)
(
df(x)v,df(x)w
)
,
for all x ∈ N , v,w ∈ TxN .
Observe that if E = TM and ι is the identity of TM then formula (31) means
that:
(f∗∇)X
(
df(Y )
)
− (f∗∇)Y
(
df(X)
)
− df
(
[X,Y ]
)
= T
(
df(X),df(Y )
)
,
for all X,Y ∈ Γ(TN).
Now we consider constructions acting on the fibers of the vector bundles. To
this aim, we need some categorical language. Given an integer n ≥ 1, we denote
by Vecn the category whose objects are n-tuples (Vi)ni=1 of real finite-dimensional
vector spaces and whose morphisms from (Vi)ni=1 to (Wi)ni=1 are n-tuples (Ti)ni=1
of vector space isomorphisms Ti : Vi → Wi. We set Vec1 = Vec. A functor
F : Vecn → Vec is called smooth if for any object (Vi)ni=1 of Vecn the map:
(34) F : GL(V1)× · · · ×GL(Vn) −→ GL
(
F(V1, . . . , Vn)
)
is smooth. Observe that (34) is a Lie group homomorphism; its differential at the
identity is a Lie algebra homomorphism that will be denoted by:
F : gl(V1)× · · · × gl(Vn) −→ gl
(
F(V1, . . . , Vn)
)
.
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Given vector bundles E1, . . . ,En over a smooth manifold M we obtain naturally a
new vector bundle F(E1, . . . , En) overM whose fiber at a point x ∈M is equal to
F(E1x, . . . , E
n
x ). Given a smooth manifold N and a smooth map f : N → M , we
may identify vector bundles f∗
(
F(E1, . . . , En)
)
and F(f∗E1, . . . , f∗En). Given
vector bundle isomorphisms Li : Ei → E˜i, i = 1, . . . , n, then we obtain a vector
bundle isomorphism L = F(T 1, . . . , T n) from F(E1, . . . , En) to F(E˜1, . . . , E˜n)
by setting:
Lx = F(L
1
x, . . . , L
n
x),
for all x ∈M .
We have the following functorial construction for connections.
Proposition B.9. Given an integer n ≥ 1 and a smooth functor F : Vecn → Vec
then there exists a unique rule that associates to each smooth manifold M , each
n-tuple of vector bundles (E1, . . . , En) over M and each n-tuple of connections
(∇1, . . . ,∇n) on (E1, . . . , En) respectively, a connection ∇ = F(∇1, . . . ,∇n) on
F(E1, . . . , En) satisfying the following properties:
(a) (naturality with pull-backs) given smooth manifolds N , M and a smooth
map f : N →M then f∗
(
F(∇1, . . . ,∇n)
)
= F(f∗∇1, . . . , f∗∇n);
(b) (naturality with morphisms) given vector bundle isomorphisms Li : Ei →
E˜i, i = 1, . . . , n, if ∇i is a connection on Ei which is Li-related with a
connection ∇˜i on E˜i then F(∇1, . . . ,∇n) is F(L1, . . . , Ln)-related with
F(∇˜1, . . . , ∇˜n);
(c) given connections ∇i and ∇˜i on Ei with ∇i−∇˜i = ti, i = 1, . . . , n, then:
F(∇1, . . . ,∇n)Xs− F(∇˜
1, . . . , ∇˜n)Xs = F
(
t1(X), . . . , tn(X)
)
s,
for all s ∈ Γ(F(E1, . . . , En));
(d) (trivial bundle property) If ∇i is the standard connection of the trivial
bundle M × Ei0 then F(∇1, . . . ,∇n) is the standard connection of the
trivial bundle M × F(E10 , . . . , En0 ).
Let F = (F1, . . . ,Fm) be an m-tuple of functors Fi : Vecn → Vec and let
G : Vecm → Vec be a functor; we denote by G ◦ F : Vecn → Vec the smooth
functor defined2 by:
(G ◦ F)(V1, . . . , Vn) = G
(
F1(V1, . . . , Vn), . . . F
m(V1, . . . , Vn)
)
,
for all objects V1, . . . , Vn of Vec.
Proposition B.10. Let F = (F1, . . . ,Fm) be an m-tuple of smooth functors Fi :
Vecn → Vec and let G : Vecm → Vec be a smooth functor. Given vector bundles
E1, . . . ,En over a smooth manifold M endowed respectively with connections ∇1,
. . . ,∇n then:
(G ◦ F)(∇1, . . . ,∇n) = G
(
F1(∇1, . . . ,∇n), . . . ,Fm(∇1, . . . ,∇n)
)
.
2We will usually only describe functors on objects; the action of the functor on morphisms should
be clear.
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Moreover, if I : Vec → Vec denotes the identity functor of Vec then, given a
connection ∇ on a vector bundle E, we have:
I(∇) = ∇.
Proposition B.11. Given a smooth functor F : Vecn → Vec and smooth vector
bundles pii : Ei → M endowed with connections ∇i, i = 1, . . . , n, then the
curvature tensor of the connection F(∇1, . . . ,∇n) is given by:
Rx(v,w) = F
(
R1x(v,w), . . . , R
n
x(v,w)
)
,
for all x ∈ M , v,w ∈ TxM , where Ri denotes the curvature tensor of ∇i, i =
1, . . . , n.
Definition B.12. Given a positive integer n and smooth functors F : Vecn → Vec
and F′ : Vecn → Vec then a smooth natural transformation ρ from F to F′ is a
rule that associates to each object (Vi)ni=1 of Vecn an open subset A(V1,...,Vn) of
F(V1, . . . , Vn) and a smooth map:
ρV1,...,Vn : AV1,...,Vn −→ F
′(V1, . . . , Vn)
such that, given objects (Vi)ni=1, (Wi)ni=1 of Vecn and a morphism (Ti)ni=1 from
(Vi)
n
i=1 to (Wi)
n
i=1 then F(T1, . . . , Tn) carries AV1,...,Vn to AW1,...,Wn and the dia-
gram:
AV1,...,Vn
ρV1,...,Vn
//
F(T1,...,Tn)

F′(V1, . . . , Vn)
F′(T1,...,Tn)

AW1,...,Wn ρW1,...,Wn
// F′(W1, . . . ,Wn)
commutes.
Given a smooth natural transformation ρ from F to F′ and given vector bundles
pii : Ei → M , i = 1, . . . , n, we obtain a fiber bundle morphism ρE1,...,En : A →
F′(E1, . . . , En) defined on an open subset A of F(E1, . . . , En) by setting:
Ax = AE1x,...,Enx , (ρE1,...,En)x = ρE1x,...,Enx ,
for all x ∈M .
Proposition B.13. Given a positive integer n, smooth functors F : Vecn → Vec,
F′ : Vecn → Vec, a smooth natural transformation ρ from F to F′, vector bundles
pii : Ei →M endowed with connections ∇i, i = 1, . . . , n, then:
F′(∇1, . . . ,∇n)v(ρE1,...,En ◦ s) = dρE1x,...,Enx
(
s(x)
)(
F(∇1, . . . ,∇n)vs
)
,
for all x ∈M , v ∈ TxM and every smooth section s of F(E1, . . . , En) with range
contained in the domain of ρE1,...,En .
B.2. Example. Let n be a positive integer and consider the smooth functor S :
Vecn → Vec defined by:
S(V1, . . . , Vn) = V1 ⊕ · · · ⊕ Vn.
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Given vector bundles E1, . . . ,En over a smooth manifold M then S(E1, . . . , En)
is the Whitney sum of E1, . . . , En. Let ∇i be a connection on Ei, i = 1, . . . , n.
For each i = 1, . . . , n, consider the smooth functor Pi : Vecn → Vec defined by:
Pi(V1, . . . , Vn) = Vi.
We have a smooth natural transformation ρi from S to Pi given by:
ρi : V1 ⊕ · · · ⊕ Vn ∋ (v1, . . . , vn) 7−→ vi ∈ Vi.
Set ∇ = S(∇1, . . . ,∇n). Proposition B.13 implies that:
∇v(s1, . . . , sn) = (∇
1
vs1, . . . ,∇
n
vsn),
for all s1 ∈ Γ(E1), . . . , sn ∈ Γ(En), v ∈ TM .
B.3. Example. Consider the smooth functors F : Vec2 → Vec and G : Vec2 →
Vec defined as follows; let V1, V2, W1, W2 be objects of Vec and let T1 : V1 →
W1, T2 : V2 → W2 be isomorphisms. We set:
F(V1, V2) = Lin(V1, V2), F(T1, T2)L = T2 ◦ L ◦ T
−1
1 ,
G(V1, V2) = Lin(V
∗
2 , V
∗
1 ) G(T1, T2)R = (T
∗
1 )
−1 ◦R∗ ◦ T ∗2 ,
for L ∈ Lin(V1, V2), R ∈ Lin(V ∗2 , V ∗1 ). We have a natural transformation ρ from
F to G defined by:
ρ : Lin(V1, V2) ∋ t 7−→ t
∗ ∈ Lin(V ∗2 , V
∗
1 ).
Let E1, E2 be vector bundles over a smooth manifold M endowed with connec-
tions ∇1 and ∇2 respectively. We denote by ∇ both the connections F(∇1,∇2)
and G(∇1,∇2) on the bundles Lin(E1, E2) and Lin((E2)∗, (E1)∗) respectively.
Proposition B.13 tells us that, given a smooth section L of Lin(E1, E2) then:
∇vL
∗ = (∇vL)
∗,
for all v ∈ TM .
B.4. Example. Consider the smooth functor F : Vec → Vec defined as follows;
let V , W be objects of Vec and let T : V →W be an isomorphism. We set:
F(V ) = Bilin(V, V ;V )⊕ V ⊕ V,
F(T )(B, v1, v2) =
(
T ◦B(T−1·, T−1·), T (v1), T (v2)
)
,
for every bilinear map B : V × V → V and all v1, v2 ∈ V . We have a smooth
natural transformation ρ from F to the identity functor I of Vec defined by:
ρ : Bilin(V, V ;V )⊕ V ⊕ V ∋ (B, v1, v2) 7−→ B(v1, v2) ∈ V.
Let E be a vector bundle over a smooth manifold M endowed with a connection
∇. We will also denote by ∇ the connection F(∇) on Bilin(E,E;E). Proposi-
tion B.13 tells us that, given a smooth section B of Bilin(E,E;E) and smooth
sections s1, s2 of E then:
∇v
(
B(s1, s2)
)
= (∇vB)(s1, s2) +B(∇vs1, s2) +B(s1,∇vs2),
for all v ∈ TM .
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B.5. Example. Consider the smooth functor F : Vec → Vec defined as follows;
let V , W be objects of Vec and let T : V →W be an isomorphism. We set:
F(V ) = Lin(V ),
F(T )L = T ◦ L ◦ T−1,
for all L ∈ Lin(V ). We have a smooth natural transformation ρ from F to itself
defined by:
ρ : Lin(V ) ⊃ GL(V ) ∋ L 7−→ L−1 ∈ Lin(V ).
Let E be a vector bundle over a smooth manifold M endowed with a connection
∇. We will also denote by ∇ the connection F(∇) on Lin(E). Let L be a smooth
section of Lin(E) such that Lx is an isomorphism of Ex, for all x ∈ M . Proposi-
tion B.13 tells us that:
∇v(L
−1) = −L−1(∇vL)L
−1,
for all v ∈ TM .
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